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Introduction

Software plays a critical role in today’s society.  Because of the pervasiveness of software in vital applications, such as nuclear reactors, medical equipment and military machinery, human life literally depends on the correct and accurate implementation of software.  In such applications one cannot release software simply because ‘it appears to work’, or ‘it seems accurate’.  Instead a more formal and rigorous technique is required to guarantee that software meets essential requirements.  

The concept of software verification is not new and much research has been done in this domain.  In particular, there is much study in the area of how formal logics can be applied in the analysis of computer programs and their design [6].  Formal logics allow for systems to be developed in which certain properties regarding the system can be proven.  This paper aims to take a brief venture into the domain of formal verification within software engineering and analyzes an algorithm that aids in the formal verification process.  

This paper is divided into two main parts.  The first part deals with software engineering and verification in general and briefly covers the gambit of the software process and available tools.  The second part focuses on model checking and an algorithm used in the software verification process.  The algorithm is decomposed, explained and its worst and best case running times are analyzed and derived.  Finally some proofs on the correctness of the algorithm are given followed a brief conclusion of the findings.

PART I

1.0 What is Software Engineering?

If science is the search for the fundamental principles that govern the world around us and explain the phenomena we see, then a case can be made that Software Engineering is the “science” underlying the field of software development.  Software engineering is a very eloquent science; it is a layered technology that is composed of many problem solving recipes and many opportunities for verifying those problem-solving recipes or algorithms.  Any engineering approach (including software engineering) must rest on an organizational commitment to quality. Total quality management and similar philosophies foster a continuous process improvement culture, and it is this culture that ultimately leads to the development of increasingly more mature approaches to software engineering.  The bedrock that supports software engineering is a quality focus.

The foundation for software engineering, as Roger Pressman [18] brought to light, is the process layer. Software engineering process is the glue that holds the technology layers together and enables rational and timely development of computer software.  Furthermore, this research paper is conducted in order to explore methods of the engineering process that can be automated in the area of verification, so that the correctness of algorithms can be more readily verified than before.  In other words, as Dimitra Giannakopoulou and Flavio Lerda introduced in [4] how, by labeling automata transitions rather than states, we significantly reduce the size of automata generated by existing tableau-based translation algorithms. However, it also involves it's own algorithmic issues and is not nearly as well researched.  The mere idea of fashioning an algorithm to verify the eminence of software is considered a science-fiction-like feat.

Fashioning software engineering methods provide the technical "how to's" for building software. Methods encompass a broad array of tasks that include requirements analysis, design, program construction, testing, and maintenance. Software engineering methods rely on a set of basic principles that govern each area of the technology and include modeling activities and other descriptive techniques.

Software engineering tools provide automated or semi-automated support for methods.  When tools are integrated so that information created by one tool can be used by another, a system for the support of software development, called computer-aided software engineering (CASE), is established.  As pointed out in  [5], CASE tools have recently evolved into more advanced assistants to the software engineering verification methods introduced above.  Such CASE tools include SPIN (which actually proves the correctness of process interactions), Executable UML (XUML), Architectural Development Languages (ADL), Statemate and Rhapsody, and Rose RealTime (These tools are discussed further in section 2).

1.1 General View of Software Engineering

Engineering, in general, is the analysis, design, construction, verification, and management of technical (or social) entities.  Regardless of the entity to be engineered, the following questions must be asked and answered:

· What is the problem to be solved?

· What characteristics of the entity are used to solve the problem?

· How will the entity (and the solution) be realized?

· How will be entity be constructed?

· What approach will be used to uncover defects that were made in the design and construction of the entity?

· How will the entity be supported over the long term when users of the entity request corrections, adaptations, and enhancements?

Software Engineering is the engineering of software (program, associated documentation, and data) entities, and the work associated with software engineering can be categorized into three generic phases, regardless of application area, project size, or complexity [18].  Each phase addresses one or more of the questions noted previously. The three phases: definition, development, and maintenance, are encountered in all software development, regardless of application area, project size, or complexity.

The definition phase, by far, is the most crucial phase in successful and maintenance-free-production, focusing on what the customer wants. That is, during definition, the software developer attempts to identify:

· What information is to be processed

· What functionality and performance requirements are desired

· What interfaces are to be established

· What design constraints exist

· How data structures and software architectures are to be designed:

· How procedural details are to be implemented

· What validation criteria are required to define a successful system

Thus the key requirements of the system and the software are identified.

The development phase focuses on how the software is constructed. That is, during development, the software developer attempts to describe how the design will be translated into a programming language, and how testing will be performed.

The maintenance phase focuses on change that is associated with error correction, increasing the overall quality of the software developed, adaptations required as the software's environment evolves, and modifications due to enhancements brought about by changing customer requirements.  The maintenance phase reapplies the steps of the definition and development phases, but does so in the context of existing software.

1.2 The generalized Software Engineering process in depth

To solve actual problems in an industry setting, a software engineer or a team of engineers must incorporate a development strategy that encompasses the process, methods, tools and generic phases [18]. This strategy is often referred to as a process model. A process model for software engineering is chosen based on the nature of the project and application, the methods and tools to be used, and the controls and deliverables that are required.

All software development can be characterized as a problem-solving loop in which four distinct stages are encountered: status quo, problem definition, technical development and solution integration.  Status quo represents the current state of affairs; problem definition identifies the specific problem to be solved; technical development solves the problem through the application of some technology, and solution integration delivers the results to those who requested the solution in the first place.

This problem-solving loop applies to software engineering work at many different levels of resolution.  It can be used at the macro level when the entire application is considered, at a mid-level when program components are being engineered, and even at the line of code level.  Therefore, a fractal representation can be used to provide an idealized view of process.  
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Figure 1 - Illustration of the breakdown of stages in the problem-solving loop

As shown in figure 1, each stage in the problem-solving loop contains an identical problem-solving loop, which contains still another problem solving loop (in the same manner as a divide and conquer algorithm divides its domain to a final conquering stage) [19].

Because of this standard problem-solving loop arrangement, many models have been built to represent the different strategies available, in the development of software.  While a variety of different process models exist, the point of this paper is not to familiarize the reader with all generality of software engineering process models.  Rather this section of the document is intended to set the stage for the reader to denote the importance of the various stages of software development, more specifically the design to implementation stage.

With that being said, the classic life cycle process model is one that eloquently animates the transition from design to code generation (implementation) and the importance of verifying the safety and quality of the implemented software.  The classic life cycle suggests a systematic, sequential approach to software development that begins at the system level and progresses through analysis, design, coding, testing, and support. Figure 2 illustrates the classic life cycle model for software engineering.
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Figure 2  - Image of the classic life cycle model for software engineering

Modeled after a conventional engineering cycle, the classic life cycle model encompasses the following activities: 

System modeling = Because software is usually part of a larger system, work begins by establishing requirements for all system elements and then allocating some subset of these requirements to software. This system view is essential when software must interface with other elements such as hardware, people and databases. System engineering and analysis encompasses requirements gathering at the system level with a small amount of top-level design and analysis.  

Software requirements analysis = The requirements gathering process is intensified and focused specifically on software.  To understand the nature of the program(s) to be built, the software engineer (“analyst”) must understand the information domain for the software, as well as required function, behavior, performance, and interface.  Requirements for both the system and the software are documented and reviewed with the customer [18].

Design = Software design is actually a multi-step process that focuses on four distinct attributes of the program: data structure, software architecture, procedural detail and interface characterization. The design process translates requirements into a representation of the software that can be assessed for quality before coding begins. Like requirements, the design is documented and becomes part of the software configuration.

Code generation = The design must be translated into a machine-readable form.  The code generation step performs this task.  If design is performed in a detailed manner, code generation can be accomplished mechanistically.

Testing = Once code has been generated, program testing begins. The testing process focuses on the logical internals of the software, ensuring that all statements have been tested, and on the functional externals that is, conducting tests to uncover errors and ensure that defined input will produce actual results that agree with required results.

Maintenance/Support = Software will undoubtedly undergo change after it is delivered to the customer (possible exception is embedded software). Change will occur because errors have been encountered, because software must be adapted to accommodate changes in its external environment (e.g. a change required because of a new operating system or peripheral device), or because the customer requires functional or performance enhancements [18]. Software maintenance typically reapplies each of the preceding life-cycle steps to an existing program rather than a new one.

1.3 Section Summary

While real projects rarely follow the classic life cycle flow that the model proposes, the point of this example is to make apparent to the reader the importance of absolute verification of the requirements and hence safety of the customer, by assuring the impeccable quality of the software through LTL to Buchi modeling.  Verifying this particular aspect of the model (or any existing development model for that matter) will ensure full requirements representation in the deliverable.  Further improvements of this process may provide more time for other phases of the process.  Subsequently, if more time can be spent on the analysis of the criticality of the application, as well as a more intense design phase to support the intentions of the customer to the exact bit, the quality assurance of the software would be theoretically flawless.

2.0 A Discussion on Related Languages and Tools

As mentioned in the previous section, software development has been a well-researched topic and there are sophisticated tools developed at different stages of the software development, such that at one point verification has become the bottleneck of complexity of software development. Various formal verification techniques and tools have come to the rescue of this software bottleneck. Current verification techniques use mathematical methods to quickly verify the system against the model instead of applying a set of elaborate tests. The broad classification of the software development languages is given in figure 3.
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Figure 3

Before we discuss some of the verification techniques, we present some of the tools and techniques used at various levels of software development. Over the years, the main approach to develop a system model has been structured-analysis and design (SA/SD) and object-oriented analysis and design (OOAD)[9]. The basic SA/SD is based on raising classical programming concepts to system modeling. These models are based on functional decomposition and information flow and depicted by flow diagrams. The enhanced SA/SD uses state diagrams or state charts. Later, State mate was released which is a tool that enables model-execution and code generation.

With the same motive (as SA/SD) of raising the programming concepts to system modeling, OOAD recommended various forms of class and object diagrams for modeling system structure. The links between behavior and structure should be defined in sufficient detail in order to support the construction of tools that enable model execution and full code generation. Some of the tools which are able to do this are Object time (based on rational real-time), Rhapsody. The class/object diagrams and the state charts included in UML is called xUML (executable UML). xUML is a part of UML that specifies unambiguous, executable and therefore implementable models. 

Method checking, equivalence checking are different methods of model verification. Currently, there are a wide variety of model verification tools. Some tools are designed and used for verification of software systems or communication protocols and some are used for verification of hardware systems. Most of these tools allow several forms of specification, including the temporal logics CTL and LTL, finite automata and refinement specifications. They also include an easy-to-use graphical user interface and source level debugging capabilities. Some of the tools for model checking are SMV, SPIN, INCA and FLAVERS. The performance of these tools varies significantly on the type of problem and its properties. Some of the above mentioned tools and techniques will be discussed in detail in the subsections.   

2.1 Message Sequence Charts [10]

Message sequence charts (MSCs) are used in the design phase of a distributed system to record intended system behaviors. Message sequence charts (MSCs) are a standardized formalism for the specification of the system’s communication behavior that is widely used by industry for system integration and acceptance testing.

Message sequence charts (MSCs), also known as time sequence diagrams, message flow diagrams, or object interaction diagrams are a popular visual formalism for documenting design requirements for concurrent systems. MSCs are often used in the first attempts to formalize design requirements for a new system and the protocols it supports. MSCs represent typical execution scenarios, providing examples of either normal or exceptional executions of the proposed system.

The strength of the message sequence charts lies in their ability to describe communication between cooperating processes. Consider an example shown in figure 4. 


Figure 4

The example above shows a single process. The rectangle contains the process identifier (counter in this example). The lifeline of the process extends downwards. The arrows represent the messages passed from the sending to the receiving processes.   

However MSCs suffer from two major short comings: 1) they do not allow message abstraction and 2) they do not explicitly mention the status of each scenario (unsure of whether it is an example or universal rule).  So live sequence charts (LSCs) are a formidable candidate for overcoming such shortcomings.

2.2 Live Sequence Charts [17]

Live sequence charts are developed to overcome the shortcomings of MSCs. The ability to abstract away irrelevant messages and to specify the status of each scenario is a characteristic of live sequence charts [Bontemps,Heymans].  

LSCs allow the user to specify behaviors as being required or optional, solving the universal/existential interpretation problems facing MSCs and giving users the equivalent of an if-then-else mechanism from a traditional programming language. Such features allow users to describe several alternative scenarios in a single chart, making LSCs scale better than MSCs.  LSCs also contain the mechanisms to enforce preconditions and post conditions on the charts which makes it possible to specify forbidden scenarios such as branching, iteration etc.  The above-mentioned example for MSCs can be displayed in LSCs as follows 

The counter needs to be in a reset state prior to the execution of the chart. This can be better represented using LSCs rather than MSCs (figure 5).

                            

           Figure 5

The Precondition and post condition (RESET) can be represented using LSCs. The * beside INC indicates that INC can occur zero or more times thus representing a looping like scenario.

2.3 Statemate [11]

Statemate is a set of tools, with a heavy graphical orientation, intended for the specification, analysis, design and documentation of large and complex systems. “Statemate enables a user to prepare, analyze, and interactive software or hardware. It enables a user to prepare, analyze, and debug diagrammatic, yet precise, descriptions of the system under development from three interrelated points of view, capturing structure, functionality, and behavior” 

Capturing structure provides a hierarchical decomposition of the system into modules. The hierarchy of activities along with the details of data items that flow between them and the control signals that specify the behavior represent the functional decomposition of system. Behavior view is used to specify the control activities.    The overall structure of a STATEMATE can be represented in figure 6.


Figure 6

2.4 Rhapsody 

Rhapsody is an object oriented fully integrated Visual Programming Environment (VPE) in which you can analyze, model, design, implement and verify the behavior of embedded systems software. Rhapsody supports a code-model association. Making certain changes to the either of them automatically reflects back as changes in other one. 

So the requirements specified by the user in the form of sequence diagrams can be converted into system model, which can be converted to code using rhapsody. During the execution, rhapsody automatically constructs the animated sequence diagrams, on the fly showing the dynamics of object interaction as they happen. So it helps to debug the system’s performance against the requirements.

Rhapsody allows its users to model the requirements in UML and performs system analysis and design. Now it generates the code from design models and shift the focus from the code to the design thereby resulting in lesser bug free programs and increased productivity.

2.5 XUML

XUML stands for executable UML. It accelerates development of real-time, embedded software systems. XUML is a subset of the unified modeling language incorporating a complete action language that allows system developers to build executable domain models and system developers to build executable domain models and then use these models to produce high quality code for their target systems.

It is based on object-oriented approach to software development and considered a very disciplined approach to software engineering. XUML specification designed to separate design from implementation. Using xUML, an application is shielded from target platform. XUML is considered a much higher level of abstraction compared to a programming language. It’s specification has a set of models that describe the problem under study. These models will be verified/tested against application requirements independently of the design.  

Some of the advantages of using xUML over UML are 

· The UML models can be unambiguously interpreted, which at the very least helps the human reader. 

· The UML models can be executed, which, given a suitable environment, means that they can be validated early in the development lifecycle; 

· The UML models can be translated to target code achieving 100% code     generation; 

· The UML models can potentially be translated to silicon; 

· The UML becomes a very high level language 

2.6 Symbolic model verifier (SMV) [13]

SMV was automatically built for each call graph using the Pacap translator. This model checker is used to verify the absence of illegal flows of a configuration. There is also a new SMV (NuSMV) . NuSMV is a result of the reengineering, reimplementation and extension of SMV. NuSMV has been extended and upgraded along three dimensions. First, from the point of view of system functionality, NuSMV features a textual interaction shell and a graphical interface, extended model participation techniques and allows for LTL model checking. Second, the system architecture has been designed to be highly modular and open. The interdependencies between different modules have been separated and an external, state of the art BDD package has been integrated in the system kernel. Third the quality of the implementation has been enhanced. NuSMV is more robust, maintainable and well documented. 

 2.7 SPIN [14]          

Spin targets efficient software verification, not hardware verification. Spin uses a high level language to specify systems descriptions, called PROMELA (a PROcess MEta LAnguage). Spin has been used to trace logical design errors in distributed systems design, such as operating systems, data communications protocols, switching systems, concurrent algorithms, railway signaling protocols, etc. The tool checks the logical consistency of a specification. It reports on deadlocks, unspecified receptions, flags incompleteness, race conditions, and unwarranted assumptions about the relative speeds of processes. Spin works on-the-fly, which means that it avoids the need to construct of a global state graph for the verification of system properties. Spin can be used as an LTL model checking system.  Spin  can be used in three basic modes: 

· as a simulator, allowing for rapid prototyping with a random, guided, or interactive simulations 

· as an exhaustive verifier, capable of rigorously proving the validity of user specified correctness requirements (using partial order reduction theory to optimize the search) 

· as proof approximation system that can validate even very large protocol systems with maximal coverage of the state space. 

2.8 INCA [15]

INCA stands for Inequality Necessary Condition Analyzer. INCA generates a system of inequalities that must have integer solutions if the property is violated, and uses integer linear programming to check. There may, however, be integer solutions to the inequalities that do not correspond to an execution violating the property. INCA thus accepts the possibility of an inconclusive result in exchange for greater tractability. 

The basic INCA approach is to regard a concurrent system as a collection of communicating finite state automata (FSA). Transitions between states in these FSA correspond to events in an execution of the system. INCA treats each FSA as a network with flow, and regards each occurrence of a transition from state s to state t corresponding to an event e, as a unit flows from node s to node t. 

2.9 FLAVERS [16]

FLAVERS is a static analysis approach. Given source code and some behavioral properties of the system, FLAVERS attempts to verify that all possible executions of the system will satisfy these properties. This verification is done independently done of any test data.  For verification, FLAVERS uses a sequence of events, where an event corresponds to a recognizable executable syntactic entity in the system, such as a method call, a task interaction, or an assignment statement. FLAVERS analysis requires the creation of an abstract graph model of the system being analyzed. The model is a generic language independent representation that depicts all possible sequences of the events of interest for any execution of the system. 

2.10 Summary

Verification has been a bottleneck of software development because it involves the application of elaborate tests for large sets of input data. But further research in into verification techniques may improve the time taken for verification. Part II discusses modeling checking further and explores an algorithm involved in the verification process.

PART II
3.0 Model Checking

One method used for verifying a software system is a state-based approach dubbed model checking.  In modeling checking, the general idea is to construct a model and then analyze its state space (that is, all possible states the model encompasses) to verify a property concerning the model [7].  A classical approach to solving this problem is best summed up in [7] – 

“One first constructs the state spaces for both the protocol to be verified and for the negation of the property, the latter state space thus comprises all execution sequences (models) on which the property is violated.  The two state spaces are then analyzed for the existence of a common execution sequence; finding one means that the property can be violated by the protocol.”

As mentioned earlier, formal logics are used in verification. In this instance, a formal logic, called Linear Temporal Logic (LTL), is used to define formulas that represent a property to be verified in the system.  Because the above approach requires the state space of the protocol being verified, there is an additional step of converting an LTL formula into a state chart that must be added to the process.  This means that classical verification process consists of the following ‘high-level’ steps:

1.0 Specify a model and convert it to find its state space.

2.0 Specify a model property and convert it to find its state space.

3.0 Compare the two state spaces to check for property violation.

This paper focuses on step two, converting from a model property into a state chart.  In particular, the algorithm looked at will one that converts from an LTL formula to a Buchi Automata.  It must be noted here that the modeling-checking problem in general is PSPACE Complete. (PSPACE is the set of decision problems that can be solved by a Turing machine given a polynomial amount of memory and unlimited time [8]). This is understandable, however, as the state space for the model and the property have the potential to be immensely large (known as state-space explosion), thus in step three above, the time required for comparison can be very long.    

3.1 Linear Temporal Logic

In modeling checking there are two important properties that can be examined to verify the correctness of a system: safety and liveness.  Safety is usually described as nothing ‘bad’ ever happening [1].  For example, an elevator air circulation system is always active.  Liveness, on the other hand, is the property that something ‘good’ will eventually happen in the system [1].  For instance, if an elevator stops on a floor, the door will eventually open.  Although it may seem that safety and liveness properties are more similar than not, the method used to verify the two typically differ.  In the safety check example above, simply ensuring the air circulation system never reaches the ‘inactive’ state will verify the property.  Likewise, many other safety checks can be accomplished through state reachability alone [5].  Liveness concerns, however, are properties of execution paths (over just states) in the system and require something more than reachability assertions.

This is where Linear Temporal Logic (LTL) fits in.  LTL provides a syntax and semantics for expressing liveness (and sometimes safety) properties of a system.  Formally, linear temporal logic is a superset of first order predicate and prepositional logic.  

Using the standard Boolean operators: 

· ! – not

· ( - and

· ( - or

Along with the temporal operators:

· ( - Everywhere, or from now on

· <> - Eventually

· U - strong until 

· X  – Next 

A well-formed LTL formula can be defined inductively [4]:

· Each member of ( is a formula,

· If ( and ( are formulae then so are !(, ( ( (, ( ( (, ( (, <> (, ( U (, X (
Semantics of an LTL is also defined inductively.  Given an ordered sequence of states, S, and some index to one of those states, i, the LTL formula ( can be considered a specification of a property that must hold with respect to the pair (S,i), that is:  (S,i) |= ( [3].   Hence the following defines the semantics of an LTL:

· (S,i) |= ! ( iff not (S,i) |= ( 

· (S,i) |= ( ( ( iff ((S,i) |= () and ((S,i) |= ()

· (S,i) |= ( ( ( iff ((S,i) |= () or ((S,i) |= ()

· (S,i) |= (( iff ((j: i ( j ( |S| : (S,j) |= () 

· (S,i) |= <> ( iff ((j: i ( j ( |S| : (S,j) |= ()

· (S,i) |= ( U ( iff ((k : i ( k ( |S| : (((S,k) |= ( ( ((j: i ( j ( |S| : (S,j) |= ()))

· (S,i) |= X ( iff (S,i+1) |= (
The definitions above can be further reduced to a more canonical form by defining the everywhere (() and eventually (<>) operators in terms of other operations.  First the following is introduced:

· true ( ( ( ! (
· false ( !true

Then everywhere (() and eventually (<>) is defined as:

· <> ( ( true U (
· ( ( ( ! <> ! (
Additionally, there is sometimes a need to put LTL formulae into negation normal form (like when constructing an algorithm to covert LTL to Buchi Automata).  In Negation Normal Form (NNF) the not (!) operator is pushed inwards until it occurs only before propositions [4].  The operator V is defined as ( V ( ( ! (!( U !().  The reason for introducing V and using NNF is for efficiency purposes.  Many negations on outer formula quickly cause many algorithms to have an exponential blow up in the size of the translated formula; hence NNF is an important step is producing an efficient, canonical form of an LTL.

3.2 Buchi Automata 

If looking at LTL for the first time, it is easy to get lost in the mathematical definition.  In somewhat more abstract terms, given some infinite execution sequence S (s0, s1,s2…), an LTL formula defines an infinite set of traces for that sequence.  Hence linear temporal logic formulas express properties over paths [2], (which are suitable for liveness verification!).  The actual verification process comes from taking the set of traces produced by the actual model and checking if they are a subset of the traces produced by the LTL.  That is if X is the set of traces produced by the actual model and Y is the traces of an LTL, then X ( Y.  Some algorithms negate the set of LTL and check if X ( !Y = 0 as the SPIN model checker does [5].

While this comparison checking may sound simple at first, implementation mandates a need for an automaton that accepts the traces of an LTL formula.  This is where Buchi Automata fits the bill.  There are several variants of Buchi Automata, with the most general being a four tuple:

<S, I, (, F>

S – Set of finite states.

I – Set of initial states (I ( S).

( - Transition Relation (S ( 2s).

F – Set of accepting states (F ( S).

At this point a labeling function ( can be introduced that associates each state with a literal  (propositions or negated propositions from the LTL formula).  That is (: S ( 2literal [5].  A Buchi automaton with such a ( is known as a labeled generalized Buchi Automaton.  Assuming then that each state is labeled with a complete set of literals, and that L(A) is the set of labels for some state A, a generalized Buchi Automaton will accept a trace t = S0, S1, S2.. iff the following hold:

· (s0 ( I: L(S0) ( ((s0)

· ( i ( 0: ( si+1 ( ((si): L(Si+1) ( ((si+1)

· ( i ( 0: (j > i: sj ( F

As an example, suppose a labeled generalized Buchi Automaton is to be constructed for the LTL formula, X U Y (X until Y).  In this instance, some algorithm would be followed that converts LTL to Buchi Automata, and a the result (and its graphical representation in figure 7) may look something like:

<S, I, (, F, (>

S = {State1, State2, State3}

I = {State1}

( = {(State1, {State1, State2}), (State2, {State3}), (State3,{State3})}

F = {State3}

( = {(State1, {X}), (State2, {Y}), (State3, {})}
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Figure 7: Labeled Generalized Buchi Automaton that Represents X U Y

The question now is how to construct an algorithm that automatically converts from an LTL formula (like the one given: X U Y) into a Buchi Automata.  The next sections discuss the approach and analysis of such an algorithm.

4.0 Approach

The goal is to transform LTL formulae into a generalized Buchi automata (Buchi automata with multiple sets of accepting states).  We can build the automaton that generates all infinite sequences that satisfies the given LTL formula 
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.    The generalized Buchi automaton is a quadruple A = <Q, I, (, F>, where Q is a finite set of states, I 
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 Q is the set of initial states, ( 
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 Q x Q is the transition relation, and F 
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 2(2 to power Q) is a set of accepting states F = {F1, F2, …, Fn}.  An execution of A is an infinite sequence 
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 F, there exists at least one state q 
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 Fi, that appears infinitely often in 
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.  Since our automata does not have any input, and therefore no sequences, labels are added to the states. A labeled generalized Buchi automaton (LGBA) is a triple <A, D, L>, where A is a generalized Buchi automaton, D is some finite domain, and L : Q ( 2D is a labeling function from the states of A to subsets of the domain D [7]. 

The algorithm that we chose to analyze uses a tableau construction.  A graph that defines the states and transitions of the automaton is first built.  The temporal operators from the LTL formulae are expanded, which are used to separate what is true in the current state and what should be true in the future states, starting from the next state.  Each node of the graph then is labeled by the set of formulae, which were derived from the decomposition of the LTL formulae.   The equivalence used is 
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4.1 Data Structure

The data structure that is used to represent the graph nodes contains the following fields [7]:

· Name – A String that indicates the name of the node.

· Incoming – The names of the nodes that have an outgoing edge into the current node.

· New – A set of LTL formulae that are yet to be processed, but whose properties must hold at the current state.

· Old – A set of LTL formulae that have already been processed, and whose properties hold at the current state.

· Next – A set of LTL formulae whose properties will hold in the states immediately following the current one. 

· Father – The name of the node from which the split nodes were formed.  

Finally, there is also set called the Nodes_Set, which contains the list of nodes, which have been successfully constructed.  In the Nodes_Set, each of the nodes has the same fields as described above.

4.2 Algorithm

Depth-first search is used to translate the LTL formulae into a generalized Buchi automaton, and this is in turn transformed into a classical Buchi automaton.  The algorithm starts with a single node that contains a dummy edge called init. Initially, the node has one new obligation (items remaining to be processed).  The obligation here is the entire LTL formula 
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 (since nothing has been processed yet). The sets Old and Next are empty. At the current node N, the algorithm checks to see if there are any unprocessed obligation in New. Once all he obligations are processed, it is added into the Nodes_Set.  Now, if there already exists a node in the Nodes_Set that has the same obligations in its Old and Next fields, only the set of incoming edges are updated.  Otherwise, the current node is simply added to the list, and a new current node is created for its successor.  The new current node has only one incoming edge – that is from N.  The set New is initially set to the same value of the Next field of N, and the Old and Next sets are initially empty.  When processing a node, a formula 
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 in New is removed from this list.  If 
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 is a proposition or the negation of it, and if 
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 EMBED Equation.3  [image: image19.wmf]h

 is in Old, the current node is discarded since it has a contradiction.  Otherwise, 
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 is added to Old.  When 
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 is not a negation of a proposition, the current node can be split into two. If not, new formulae are added to the New and Next fields, and the actions to undertake are determined, depending on the form if 
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 - Node is split.  
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 is added to the New of the other copy.
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 is added to New of both the copies.  
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is added to the Next of the other copy.
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First, the current node and its successors are expanded, and then the expansion of the second copy and its successors takes place.  They are processed in DFS order. The three splitting actions described above are summarized in the table given below:

1 record graph_node = [Name:string, Father:string, Incoming:set of strings,

2
New:set of formulas, Old:set of formulas, Next:set of formula];

3 function expand (Node, Nodes_Set)

4    if New (Node) = 
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 then

5
  if 
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ND 
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 Nodes Set with Old(ND)=Old(Node) and Next(ND)=Next(Node)

6
  then Incoming(ND) = Incoming(ND)[Incoming(Node);

7
      return(Nodes Set); 

8
  else return(expand([Name 
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 Nodes_Set))

11   else
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  let 
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 New;

13

 New (Node) := New (Node)\{ 
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Old (Node) (*Current node contains a  contradiction)
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  then return (Nodes_Set) (* Discard current node *)

18


  else Old (Node) := Old (Node) 
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 {
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};
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       return (expand (Node, Nodes_Set));
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        Node1:= [Name  
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    New 
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        Node2:=Name 
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27

        return (expand (Node2, expand(Node1, Nodes_Set)));
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        return (expand([Name 
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32 end expand

33 function create_graph (
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)

34
return (expand(Name 
[image: image124.wmf]Ü

 Father 
[image: image125.wmf]Ü

 new_name(), Incoming 
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))

36 end create_graph;

Figure 8 – The Algorithm as Presented in [7]
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The algorithm will return the fully expanded nodes (nodes for which New is empty), and these nodes are the set of states Q.  The nodes for which the Incoming field is init form the initial states.  If a node q’s Incoming field is p, then the transition p ( q is formed.  The domain D is 2p and node q’s label is all sets in 2p that are compatible with Old (q).  Any element of 2p that agrees with the literals that appear in Old (q) can be the label of a node. If Pos (q) is Old (q) 
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} [7].    

Now that we have discussed the algorithm, let us examine its efficiency.  

5.0 Asymptotic Time Complexity Analysis

In this section we take a look at the algorithm presented in figure 8 and perform an asymptotic time complexity analysis to obtain a worst-case and best-case running time for the algorithm.

5.1 Analysis Preliminaries

The first step in the analysis is to identify the algorithm, and the type of input, n, that will be used as a metric.  Figure 8 presents an algorithm in pseudo-code called create_graph(().  As mentioned earlier this is an on-the-fly tableau-based algorithm for constructing a Buchi Automata from an LTL formula (.  Looking at create_graph((), it is clear that this function simply sets up an initial node from (, and an empty node set (which are both done in constant time) and then it calls the true work-horse algorithm, expand(node, Nodes_Set).    

Hence the running time of create_graph(() is:

= O(1) + O(x) [where x is the running time of the expand(…) algorithm]

= O(x) [since one cannot do better than constant time O(1), it must hold that O(1) ( O(x)]

The analysis now shifts to finding the complexity of the expand algorithm where the core computation is performed. But, before diving into a worst-case and best-case analysis, it is vital to identify what type of input, n, is being used in the analysis.  Although the expand algorithm takes as input a node and a graph (node set with edges), the original create_graph function took ( which is an actual LTL formula. (, as defined inductively in section 3.1, is ultimately comprised of a set of sub-formulas.  The input then can be seen as the number of sub-formulas in (, that is |(|.  Although the expand algorithm takes as input nodes and a graph, the nodes themselves contain parts of the original LTL formula, ( and the running time of expand depends on the size of the (.  Hence the input considered will be an LTL formula ( and input size will be number of sub-formula’s in (, |(|.

5.2 Worst Case Analysis

As seen in figure 8, the expand(…) is recursively defined.  The worst case running time can be found by choosing the most computationally intensive path through the algorithm, deriving a recurrence relation for that path, and then solving the relation.

In the worst-case scenario, the next sub-formula ‘chopped off’, that is - the next piece of the input which is removed, is an until U, a disjunction V, or negation formula V.  In either of these cases two nodes are created and the algorithm makes two recursive calls [line 27] (first iterating all the way right in a DFS style recursion).  Additional computations in the worst-case algorithm trace include removing a formula from a node [line 13] and constructing 2 new nodes [lines 21-26].  Using the most efficient data structures the running times for the non-recursive parts are: O(1) - [line 13]  and - O(n) [lines 21-26].

Using this information a worst-case recurrence relation is derived:

T(n) = 2T(n-1) + [O(1) + O(n)]

     ( 2T(n-1) + O(n)

Next the recurrence relation is solved:

T(n) = 2T(n-1) + O(n)


= 2(2T(n-2) + O(n-2)) + O(n)


= 2(2(2T(n-3) + O(n-3)) + O(n-2)) + O(n)


= 23T(n-3) + 22(O(n-3)) + 2^1(O(n-2)) + O(n)


= 24T(n-4) +[23(O(n-4)) +  22(O(n-3)) + 2^1(O(n-2)) 

       + O(n)]

     ...

( 2n-1T(1) +[2n-2(O(n)) +  2n-3(O(n)) + 

  2^n-4(O(n)) + ... + 2^1(O(n)) + O(n)]

( O(n) (2n-1 + 2n-2 +  2n-3 + ... + 2^2 + 2^1 + 1)

( O(n) 
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From this analysis, a tight bound is determined for the worst-case running time of the algorithm: 
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5.3 Best Case Analysis

The best case running time can be found by choosing the least computationally intensive path through the algorithm, deriving a recurrence relation for that path, and then solving the relation.  

In the best-case scenario, the input LTL formula does not contain an until U, a disjunction V, or negation formula V.   In this instance, the input size is reduced by one sub-formula and there is only one recursive call made [line 29] or [line 19].  Similar to the worst case, the non-recursive computation made by the algorithm takes O(n) time.  

Using this information a best-case recurrence relation is derived:

T(n) = T(n-1) + [O(1) + O(n)]

     ( T(n-1) + O(n)

Next the recurrence relation is solved:

T(n) = T(n-1) + O(n)


= (T(n-2) + O(n-1)) + O(n)


= ((T(n-3) + O(n-2)) + O(n-1) + O(n)



= T(n-3) + 3(O(n))


= T(n-4) + 4(O(n))


...


= T(1) + (n-1)(O(n))


( O(n) + (n)(c*n)


( O(n) + cn2

( O(n) + O(n2)


( 
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From this analysis, a tight bound is determined for the best-case running time of the algorithm: 
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5.4 Results Discussion

Before running the analysis of this algorithm, it was expected to have an exponential worst case.  Deriving 
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Q

 confirmed our suspicions.  As for the best case running time, the scenario of encountering only AND or negations is rare.  There are seven possible operations, and in the best case, only two are allowed.  Over seventy percent of the operations fall into the ‘worst case’ scenario, hence probabilistically this algorithm will run in exponential time more often than not.    
6.0 Proof of Correctness

This section provides rigorous mathematical proof regarding the accuracy of the algorithm.  Note that these proofs are not our own, and have been previously presented in [7].

Theorem 1 –
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Proof. The two directions are proved in Lemma 8 and Lemma 9 below. 
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6.1 Lemma 1 
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Proof. Follows directly from the construction. 

6.2 Lemma 2 

When a node 
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Similarly, when a node 
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Proof. Directly from the algorithm and the definition of LTL. 

Using the field Father we can link each node to the one from which it was split. This defines an ancestor relation 
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6.3 Lemma 3 
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Moreover, if  
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6.4 Lemma 4 
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 was generated. Then, Lemma 3 guarantees that a successor as required exists. 
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6.8 Lemma 8 
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6.9 Lemma 9

 Let 
[image: image296.wmf]j

x

a

. Then there exists an execution 
[image: image297.wmf]s

 of 
[image: image298.wmf]A

that accepts 
[image: image299.wmf]x

. 

Proof. First, by Lemma 6, there exists a node 
[image: image300.wmf]I

q

Î

0

 such that 
[image: image301.wmf])

(

)

(

0

0

q

Next

q

CL

Ù

LD

a

x

.  Now, one can construct the propositional sequence 
[image: image302.wmf]s

 by repeatedly using Lemma 4.  Namely, if 
[image: image303.wmf])

(

)

(

i

i

i

q

Next

q

CL

Ù

LD

a

x

, then choose 
[image: image304.wmf]1

+

i

q

 to be a successor of 
[image: image305.wmf]i

q

 that satisfies 
[image: image306.wmf])

(

)

(

1

1

1

+

+

+

CL

Ù

LD

i

i

i

q

Next

q

a

x

. Furthermore, Lemma 4 also guarantees that we can choose 
[image: image307.wmf]1

+

i

q

 such that if for an 
[image: image308.wmf]U

 subformula 
[image: image309.wmf]h

m

U

, in 
[image: image310.wmf])

(

i

q

D

, 
[image: image311.wmf]h

 holds in 
[image: image312.wmf]1

+

i

x

, then 
[image: image313.wmf])

(

1

+

D

Î

i

q

h

. We also know from Lemma 1 that 
[image: image314.wmf]h

m

U

 will propagate to the successors of 
[image: image315.wmf]i

q

 unless 
[image: image316.wmf]h

 holds.  Since 
[image: image317.wmf]a

i

x



 EMBED Equation.3  [image: image318.wmf]h

m

U

, there must be some minimal 
[image: image319.wmf]i

j

³

such that 
[image: image320.wmf]h

x

a

j

.  Hence by the above, 
[image: image321.wmf])

(

j

q

D

Î

h

. 

7.0 Possible Improvements to the Algorithm [7]

7.1 Adding a Nextime Operator

An extra LTL sub-formula, the NextTime operator(X),  can be appended to the algorithm as follows:

η = Xμ => 

           return(expand([Name<=Name(Node),Father<= Father(Node), 

                 Incoming<=Incoming(Node),New<=New(Node),Old<=Old(Node)U {η},

                 Next<= Next(Node) U {μ}],Nodes_Set))

7.2 Pure “On-the-fly” Construction

The on the fly algorithm generates a Generalized Buchi automata that can be used for model-checking or checking the validity of the formula. The best feature of on-the fly is that we need not wait until the automaton is complete for checking the model against the formula. The model checking is done on-demand.  

7.3 Improvements to Efficiency

When a node is split there is no need to generate two new nodes, instead the node which is split stays intact and the other one carries the necessary updated properties.  

Nodes that are semantically inconsistent may appear in the automaton.  This is because the inconsistencies are detected only at the level of atomic propositions.  Some of the inconsistencies can be detected earlier.  For instance, 
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 can be computed and check whether it already occurs before adding 
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 to a node.
Every processed formula is currently stored in the Old field. But some of them need not be explicitly stored in the Old field. Ex: μ1 ^ μ2 is stored in the Old field. Since we are anyway storing μ1 and μ2, the presence of these formulae in Old indicates that the conjunction of both of them will be true so we need not explicitly store μ1 ^ μ2 . 

For cases such as μUψ or μVψ, if ψ already appears in New(q) U Old(q), then there is no need to split the node q into two. It is sufficient to move the sub formula μ U ψ from New(q) to Old(q).   



8.0 Conclusion

Software plays a critical role in many facets of today’s world.  For certain, life-dependent software, verification and correctness is absolutely paramount.  There is a need for verification within our software engineering process.  Although it may be more vital in some applications over others, verification (perhaps of varying degree) belongs in software engineering.  Although there are many CASE based tools, not many of them incorporate verification abilities.  

The algorithm discussed here, for translating from Linear Temporal Logic to Buchi Automata, does indeed run in exponential time (worst case).  However, as mentioned in 7.2, the algorithm can be constructed on-the-fly thus limiting the amount of memory it requires.  As mentioned in the paper the verification problem is PSPACE-complete.  Never the less that doesn’t stop us from trying to implement more efficient algorithms.  From taking less memory to only computing parts that are needed, there are always improvements that can be researched.   
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