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Abstract. This paper studies senary simplex codes of type a and two
punctured versions of these codes (type B and 7). Self-orthogonality,
torsion codes, weight distribution and weight hierarchy properties are
studied. We give a new construction of senary codes via their binary and
ternary counterparts, and show that type a and (8 simplex codes can be
constructed by this method.

1 Introduction

There has been much interest in codes over finite rings in recent years, especially
the rings ZZo), where ZZs; denotes the ring of integers modulo 2k. In particular
codes over Z 4 have been widely studied [1], [5],[6],7],[8], [9],[10],[11], [12]. More
recently ZZ4-simplex codes (and their Gray images), have been investigated by
Bhandari, Gupta and Lal in [2]. Good binary linear and non-linear codes can
be obtained from codes over ZZ4 via the Gray map. Thus it is natural to inves-
tigate simplex codes over the ring ZZsk. In particular, one can construct mixed
binary/ternary codes via senary codes by applying the Chinese Gray map (see
Example 1). Motivated by this (apart from practical applications such as PSK
modulation [4]), in this paper we consider senary simplex codes, and investi-
gate their fundamental properties. We also study their Chinese product type
construction.

A linear code C, of length n, over ZZs is an additive subgroup of Zy. An
element of C is called a codeword of C and a generator matriz of C is a matrix
whose rows generate C. The Hamming weight wg(x) of a vector = in Zy is
the number of non-zero components. The Lee weight wy(x) of a vector x =
(z1,T2,...,2yn) is Y i, min{|z;],|6 — z;|}. The Fuclidean weight wg(z) of a
vector z is Y i, min{z?, (6 —2;)?}. The Euclidean weight is useful in connection
with lattice constructions. The Chinese Euclidean weight weg(x) of a vector
v € Zpyis Yi {2 —2cos (221)}. This is useful form—PSK coding [4]. The
Hamming, Lee and Euclidean distances dy (z,v), dr.(z,y) and dg(z,y) between
two vectors x and y are wy (z — ), wr(x — y) and wg(x — y), respectively. The
minimum Hamming, Lee and Euclidean weights, dy,dr and dg, of C are the
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smallest Hamming, Lee and Euclidean weights among all non-zero codewords of
C, respectively.

The Chinese Gray map ¢ : Zy — ZyZ05 is the coordinate-wise exten-
sion of the function from Zg to Z9ZZ5 defined by 0 — (0,0),1 — (1,1),2 —
(0,2),3 — (1,0),4 — (0,1) and 5 — (1,2). The inverse map ¢! is a ring iso-
morphism and so is ¢[6]. The image ¢(C), of a linear code C over Zg of length
n by the Chinese Gray map, is a mixed binary/ternary code of length 2n.

The dual code C*+ of C is defined as {x € Z§ | x -y = 0 for all y € C} where
x -y is the standard inner product of & and y. C is self-orthogonal if C C C*+ and
C is self-dual if C = C*.

Two codes are said to be equivalent if one can be obtained from the other
by permuting the coordinates and (if necessary) changing the signs of certain
coordinates. Codes differing by only a permutation of coordinates are called
permutation-equivalent.

In this paper we define Zg-simplex codes of type a, 8 and v namely, Sy,
S,f and S}, and determine some of their fundamental parameters. Section 2
contains some preliminaries and notations. Definitions and basic parameters of
Z s-simplex codes of type «, 8 and -y are given in Section 3. Section 4 investigates
their Chinese product type construction.

2 Preliminaries and Notations

Any linear code C over Zg is permutation-equivalent to a code with generator
matrix G (the rows of G generate C) of the form

Ikl ALQ A113 A1,4
G = 0 2Ik2 214213 2A2,4 ) (1)
0 0 3I 3Asy

where the A; ; are matrices with entries 0 or 1 for 4 > 1, and I}, is the identity
matrix of order k. Such a code is said to have rank {1%1,2%2 33} or simply rank
{kl, kz, kg} and |C| = 6k13k22k3 [1] If kQ = kg = 0 then the rank of C is {kl, 0, 0}
or simply k1 = k.

To each code C one can associate two residue codes viz Cy and C3 defined as

Co={v|v=w (mod?2), weC(},

and
Cs={v|v=w (mod3), weC}

Code Cs is permutation-equivalent to a code with generator matrix of the form

<Ik1 A2 A1z A )

0 0 31, 3434 )

where A; ; are binary matrices for ¢ > 1. Note that C has dimension k; + k3.
The ternary code C3 is permutation-equivalent to a code with generator matrix
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of the form

I, Arp A1z Aig 3)
0 21y, 2A232A24 )’

where A; ; are binary matrices for ¢ > 1. Note that C3 has dimension k; + k».
One can also associate two torsion codes with C viz Co* and C% defined as

Cg*z{g|c:(cl,...,cn)€CandciEO (modS)forlgign}

and
ng{g|c:(c1,...,cn)€CandCiEO (mod2)for1§i§n}.

If ko = k3 =0 then C; =C for i = 2,3.

A linear code C over Zg of length n and rank {ki, ko, ks} is called an
[n; k1, ko, k3] code. If ko = ks = 0, C is called an [n, k] code. In the case of
simplex codes we indeed have ko = k3 = 0.

Let C : [n; k1, k2, k3] be a code over Zg. For 11 < k1,12 < ka,r1 + 10 + 13 <
k1 + ko + k3, the Generalized Hamming Weight of C is defined by

dry rory = min{wg(D) | Dis an [n;ry,72,r3] subcode of C},

where wg (D), called support size of D, is the number of coordinates in which
some codeword of D has a nonzero entry. The set {dy, ry.ry } is called the weight
hierarchy of C.

We have the following Lemma connecting the support weight and the Chinese
Euclidean weight.

Lemma 1. Let D : [n;r1,r9,73] be a senary linear code then

Z wep(c) = gritrs+l  gritrs -wg (D).
ceD

Proof. Consider the (rxn) array of all the codewords in D (where r = 6"1372273).
It is easy to see that each column consists of either

only zeros

. 0 and 3 equally often

. 0,2 and 4 equally often

. 0,1,2,3,4,5 equally often.

W N =

Let n;,¢ = 0,1,2,3 be the number of columns of each type. Then ny + no +
n3 = wg(D). Now applying the standard arguments to evaluate the sum yields
the result.

Thus for any linear code C over Zs, dy, r,r, may also be defined by

1

Ary iy = ST g mm{ E wee(c) | Dis an [n;ry, re, 73] subcode of C

ceD

} |
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3 Senary Simplex Codes of Type a, B and ~

Let G¢ be a k x 283% matrix over ZZg consisting of all possible distinct columns.
Inductively, Gt may be written as

oo — 00...0|11...1|22...2|33...3|44...4|55...5
SR I/ [/ (e ey e/ Rer

kx6k

with G§ =[012345]. The code S generated by G¢ has length 6* and the rank
of Sy is {k,0,0}.
The following observations are useful to obtain the weight distribution of S}'.

Remark 1. If Aj_; denotes the (6~ x 65~1) array consisting of all codewords
in S¢ |, and if J is the matrix of all 1’s then the (6% x 6%) array of codewords
of Sy is given by

A1 Apa Ap_1 Ap_1 Ap_1 Ap_1

Ap—1 J+ A1 20+ Ap-1 3T+ A1 4 + A1 5J + Ak
Ap_12J +Ap_14J + A1 Ap_q 2J + Ap_14J + Ar_1
Ap—1 3T+ A1 Apor 3T+ Ak Agor 3T+ Ak
Ap 14+ Ap 1 20+ Aoy Apr 4T+ Ap1 20+ Ay
Ap 15T+ A 14 +Ap_13J+Ap_12J +A_11J+ A1

Remark 2. If Ry, R, ..., R denote the rows of the matrix G then wy(R;) =
5.6 1w (R)=9-6"1 wg(R;) =196 and wor(R;) = 2 - 6*.

It may be observed that each element of ZZg occurs equally often in every row
of G¥. Let ¢ = (c1,¢2,...,¢y) € C. For each j € Zg let w;(c) = [{i | ¢; = j}I.
We have the following lemma.

Lemma 2. Let c € S, c # 0.

1. If for at least one i, ¢; is a unit (1 or 5) then Vj € Zg w; = 2k=1.3k=1 in
c.

2. If Vi, ¢; € {0,4+2} then Vj € {0,42} w; = 2F .31 in c.

3. If Vi, c; € {0,3} then Vj € {0,3} w; =281 . 3% inc.

Proof. By Remark 1, any x € S} ; gives rise to six codewords of S}’

Y1 = §x|x|x|x|x|x),
Y2 xl+x2+x3+x|4+x|5+x>,
Y3 x2+x4+xz2+z|4+:c),
Y4 x3+xw|3+xw|3+x),
yg,:(x4+x2+x|x4+x|2+x),

and
yo = (2|5 + z|4 + z|3 + 2|2 + z|1 + x) , where i = (iii...q).

Now the result can be easily proved by induction on k.
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Now we recall some known facts about binary and ternary simplex codes.
Let G(Sk) (columns consisting of all non-zero binary k-tuples) be a generator
matrix for an [n, k] binary simplex code Si. Then the extended binary simplex
code (also known as a type a binary simplex code), Sy is generated by the matrix
G(Sk) = [0 G(Sk)]. Inductively,

; {00...0|11...1

G(Sy) = G(Sk_l)lG(Sk_l)] with G(S1) = [01]. (4)

The ternary simplex code of type « is defined inductively by

o 00---0|11---1|22---2] . o
T = th T = [012], 5
¢ = [ e e i = o ©)

and the ternary simplex code is defined by the usual generator matrix as

3 {11...100...0
T, =

111
= = ]withTf{ 0].
kal kal

012{1

Now we determine the torsion codes of the senary simplex code of type a.

Lemma 3. The binary (ternary) torsion code of Sy is equivalent to 3% copies of
the binary type o simplex code (2’C copies of the ternary type « simplex code).

Proof. We will prove the binary case by induction on k. The proof of ternary
case is similar and so is omitted. Observe that the binary torsion code of Sy is
the set of codewords obtained by replacing 3 by 1 in all 2-linear combinations of
the rows of the matrix

00...0|33...3|00...0|33...3|00...0|33...3

3G = . 6
307|307, |30, |307 |30 |30, ©

Clearly the result holds for £ = 2. Assuming that the binary torsion code
is equivalent to the 3*~! copies of the extended binary simplex code, we have
[SG(SkA,1)|- . -|3G(Skll)] in place of 3G§_ in the above matrix. Now regrouping
the columns in the above matrix according to (4) yields the desired result.

As a consequence of Lemmas 2 and 3, one gets the weight distribution of S}

Theorem 1. The Hamming, Lee, Fuclidean and C-Euclidean weight distribu-
tions of Sy are

1. Ag(0) =1, Ay (3-6*1) = (28 — 1), Ay (4 - 6k-1) = (3k — 1),
Ap(5-681) = (28 —1)(3%F - 1).

2. AL(0) =1,AL(8-6F 1) = (3 — 1), AL(9-6F1) =3F(2F — 1) — 1.

3. Ap(0) =1,Ap(27-6F 1) = (2 — 1), Ap(16 - 6*1) = (3F — 1),
Ap(19-6F1) = (28 — 1)(3F — 1).

4. Acr(0) =1,Acp(2-6F)=3k.2k — 1,
where A (i) (Ap(i)) denotes the number of vectors of Hamming (Lee)
weight © in Sy, and similarly for the Euclidean weights of both types.
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Proof. By Lemma 2, each non-zero codeword of Si¥ has Hamming weight either
3-651, 4.6 or 5-6°! and Lee weight either 8- 6%~1 or 9-6*~1. Since the
dimension of the binary torsion code is k, there will be 2¥ — 1 codewords of the
Hamming weight 3 - 6*~1, and the dimension of the ternary torsion code is k,
so there will be 3* — 1 codewords of the Hamming weight 4 - 6~1. Hence the
number of codewords having Hamming weight 5-65~! will be 6% — (3% 4 2% — 1).
Similar arguments hold for the other weights.

The symmetrized weight enumerator (swe) of a senary code C is defined as

swee(a, b, c,d) = Z ano(z)bnl(ac)cnz(z)dns(z)7
z€eC

where n;(z) denotes the number of j such that z; = +i. Let S¢ be the punctured
code of S} obtained by deleting the zero coordinate. Then the swe of SY is

Sweéga(a, 0, C, =1+ — a : k71_1+
ga(a,b,¢,d) = 1+ (2F — 1)d(ad)**
(35 — 1)a26" " =1e46" " | (2F — 1)(3F — 1)d(ad)S" " 1 (be) 26",

Remark 3. 1. S} is an equidistant code with respect to Chinese Euclidean dis-
tance whereas the binary (quaternary i.e, over ZZ4) simplex code is equidis-
tant with respect to Hamming (Lee) distance.

2. The minimum weights of S; are: dg = 3 - 6F-1,dp = 8-6F1,dg = 16 -
681, dop =2 - 6%.

Example 1. Consider the 64 = 1296 codewords of the senary code generated by
the following generator matrix

11111111
22220000
22002200
20202020.
33334444
33443344
34343434

Using the Chinese Gray map results in a mixed code with 8 binary and 8 ternary
coordinates, which gives N(8,8,4) > 1296, while the ternary code of length 8,
dimension 4 and distance 4 is optimal [3].

Let Ay be the k x 3. (2% — 1) matrix defined inductively by A; = [135] and

A _[0...0|1---1|2--.2|3---3|4~~4|5~~5}
kT Ak—l|G%—1|Ak—1|G%—1|Ak—1|G%—1 ,

for k > 2; and let py, be the k x 28=1 . (3% — 1) matrix defined inductively by
w1 = [12] and

B {0...0|1...1|2...2|3...3]
S |GRoy |Gy | e
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for k > 2, where G{;_; is the generator matrix of S ;.
k k
Now let Gg be the k x W matrix defined inductively by

a8 — 111111)0|222|33
27 | 012345[1[135[12 |’

ab — {11---1|00---0|22---2|33---3}
PG, ‘ G§—1 ‘ A ‘ -1 ]

and for k > 2

where G{;_; is the generator matrix of S'_,. Note that Gg is obtained from G by
(2F+1)(3% —1)42F+?!
2

deleting columns. By induction it is easy to verify that no two
columns of Gg are multiples of each other. Let S]f be the code generated by Gf .
k k
Note that S]f is a [W, k} code. To determine the weight distributions
of S’,f we first make some observations.
The proof of the following proposition is similar to that of Proposition 2.

Proposition 1. Fach row of Gf contains 681 units and

Wy +wy = BEL(RL 1) wy = 2b-2(3R1 1) gy = EENET TSN,

Remark 4. Eachrow of G has Hamming weight (3¥~1 - (28 — 1) + 282 . (3k=1 — 1)) |
Lee weight (2-3*71(3-2"2 —1)+3.2F2(3*~1 — 1)) | Euclidean weight
(3571(19 - 272 —4) — 9. 2"=2) " and Chinese Euclidean weight 6F — 2% — 3.

The proof of the following lemma is similar to the proof of Lemma 2.

Lemma 4. Let c € S,f,c #0.

1. If for at least one i, c; is a unit then Vj € Zg wy + ws = 6571,

Wo 4wy = 3k71(2k71 _ 1),0)3 — 2k72(3k71 _ 1)7"‘)0 — % wn C.

2. IfVi,c; € {0,+2} then Vj € {0, %2} wo+wy = 3712 1), wo = E-nEtioy
wm C.

3. If Vi, ¢; € {0,3} then Vj € {0,3} ws = 26-2(3% — 1), wy = E=DE"=D 4y,
C.

The proof of the following lemma is similar to that of Lemma 3 and is omitted.
k
Lemma 5. The binary (ternary) torsion code of S,f s equivalent to (Chtnld]
copies of the binary simplex code ((Qk — 1) copies of the ternary simplex code).
The proof of the following theorem is similar to that of Theorem 1 and is omitted.

Theorem 2. The Hamming, Lee weight, Fuclidean and C-Fuclidean weight dis-
tributions of S,f are:

1. Ag(0)=1,Ag (2"2- (3" =1)) = (2 - 1), Ay (3" - (2" - 1)) = (3k - 1),
Ag (371 (2F —1) +2F2. (3k71 — 1)) = (2" —1)(3~ — 1).
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2. AL(0)=1,Ap (3-2F72(3F — 1)) = (2"—1), A (2-3F1 (28 — 1)) = (3F—1),
Ap (2-3F1(3- 282 —1) 4 3. 2F2(3F1 — 1)) = (28 — 1)(3% — 1).

3. Ap(0) =1,Ap (9-2872(3F — 1)) = (2" — 1), Ap (4- 3" 12" — 1)) = (3F —
1),Ag (3*1(19- 2872 —4) —9.2~2) = (2" — 1)(3" — 1).

4. Ace(0) =1, Acp(6F —2F) = (28 — 1), Acp(6F — 3%) = (3F — 1),
Acp(6F —2F — 3F) = (28 —1)(3F — 1),
where A (i) (Ap(i)) denotes the number of vectors of Hamming (Lee)
weight © in Sy, and similarly for the Euclidean weights of both types.

Remark 5. 1. The swe of S,f is given as

swe(a,b,c,d) =1+ 3 Fp(k)an*k=D+pk=1) g2 a(k) 4
9—k+1g(k)am =1 {aq(k—l)c3*1p(k) i 3_kp(k:)b6k71cp(k—l)dq(k—l)},

where n(k) = w, p(k) = 3%(2F — 1) and q(k) = 2*1(3% — 1).

2. The minimum weights of S are: dg = 2¥=2(3% — 1),d, = 2 - 35~ 1(2F —
1),dg =4-31(2F - 1),dcp = 6F — 2F — 3~

Let G} be the k x 2871(3% — 2¥) matrix defined inductively by
o= 111111(0|2(3|4
2 [ 012345[1{1{1{1]”

o — [11...1|00...0|22...233...3|44...4]
F N N A eI e

and for k > 2

where GY/_; is the generator matrix of S;*_;. Note that GZ is obtained from G§
by deleting 2¢~1(2* 4 3%) columns. By induction it is easy to verify that no two
columns of G} are multiples of each other. Let S} be the code generated by G7.
Note that S} is a [2871(3% — 2¥), k] code.

Proposition 2. Each row of G}, contains 61 units and
Wo = wo = w3 = wy = 2F72(3k-1 — 2k—1),

Proof. Clearly the assertion holds for the first row. Assume that the result holds
for each row of G} _;. Then the number of units in each row of G} _ is 6(-—2) By
Lemma 2, the number of units in any row of G¢_, is 28=1.3k=2, Hence the total
number of units in any row of G} will be 2~=1.3~F=2 4 4.2~=2.3k=2 — gk=1.3k=1,
A similar argument holds for the number of 0’s, 2’s, 3’s and 4’s.

Remark 6. Each row of G} has Hamming weight 3 - 2572 [5.3F=2 — 2F=1] Tee
weight 28=2 [3k+1 — 7. 2’@*1; , Euclidean weight 22 [19 - 3*=1 —17. 2k~1] 'and
Chinese Euclidean weight 6% — 5 - 4F—1,
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The various weight distributions of S} can be obtained using arguments
similar to other simplex codes. To save the space we omit them.
The weight hierarchy of S} is given by the following theorem.

Theorem 3. The weight hierarchy of Sy is given by
dr1,7“277‘3 (SI?) = 6k - Sk_Tl_TZ : 2k_T1_T3'

Proof. By Remark 3 and the definition of d, r, ,, after the Lemma 1.

4 Chinese Product Type Construction

The Chinese remainder theorem (CRT) plays an important role in the study of
codes over Zsy [4,6]. In particular, given binary and ternary linear codes of
length n and dimension k, one can construct a senary code (over Zg) of length
n using CRT. The following theorem is from [4, 6].

Theorem 4. [}, 6] If B and T are linear codes of length n over GF(2) and
GF(3), respectively, then the set CRT(B,T) = {qﬁ_l(cb, ct)|cy, € Byct € T} is
a linear code of length n over ZZg. Moreover if B and T are self-orthogonal then
CRT(B,T) is also self-orthogonal.

If generator matrices of B, T and CRT(B,T') are G(B), G(T') and G(CRT(B,T)),
respectively, then we have ¢(G(CRT(B,T))) = [G(B)|G(T)], where ¢ is the
Chinese Gray map. If the codes B and T are of different lengths, say, n, and ns
then it seems that no non-trivial method is known to construct a code over Zg
from these codes. In the trivial case of course one can add extra zero columns
to the generator matrix of the code of shorter length and then use Theorem 4.
Here we present a new construction of a generator matrix of senary code from
codes of different lengths.

Let G(B) = [z122...%n,| and G(T) = [y1¥Y2-..Yn,] wWhere z;,y; are the
corresponding columns. Now form the matrix G(B)*G(T) consisting of the ning
pairs of total 2nyny columns {2;412;Y2 - . . TiYn, }ir; - These pairs of columns give
a generator matrix of length ning (the product of the lengths of the binary and
ternary codes) over Zg using the inverse Chinese Gray map. In particular, if
ni = ng = n then we get a code of length n2. Note that if we use the Theorem
4 to construct a generator matrix for the case of n; = no = n, we obtain a code
of length n with generator matrix [x1y122y2 . . . nYn]. In this case, the resulting
code will be self orthogonal if the corresponding binary and ternary codes are
self orthogonal [6]. Similarly it is easy to see that

Lemma 6. The senary codes constructed by G(B)*G(T) will be self orthogonal
if the corresponding codes B and T are self orthogonal.

The next two results show that self-orthogonal simplex codes of type a and
B can be obtained from the construction G(B) * G(T).
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Theorem 5. The codes S} and S,f can be obtained via the construction G(B) %
G(T).

Proof. We will only prove the result for Si, since the other case is similar. If
we apply the Chinese Gray map to the generator matrix Gf}, we see that it is
equivalent to the matrix G(Sy) T, where T is defined in (5).

Theorem 6. The codes S¢ (k> 3) and Slf (k > 2) are self orthogonal.

Proof. The result follows from Lemma 6 and Theorem 5. It can also be proved by
induction on k since the rows of the generator matrices are pairwise orthogonal
and each of the rows has Euclidean weight a multiple of 12 [1].

Remark 7. The code S} is not self-orthogonal as the Euclidean weights of the
rows of G} are not a multiple of 12.
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