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Abstract

This paper studies families of self-orthogonal codes over Z4. We show that the
simplex codes (Type a and Type (3) are self-orthogonal. We partially answer the
question of Zg4-linearity for the codes from projective planes of even order. A new
family of self-orthogonal codes over Z, is constructed via projective planes of odd
order. Properties such as shadow codes, self-orthogonality, weight distribution, etc.
are studied. Finally, some self-orthogonal codes constructed from twistulant matrices

are presented.
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1 Introduction

There has been considerable interest and research in codes over finite rings in recent years, In
particular codes over Z, have been widely studied [1, 2, 8, 9, 10, 20, 24, 25]. Self-orthogonal
and self-dual codes have received much attention. An excellent survey of self-dual codes is
given by Rains and Sloane [24]. In this paper we consider several families of self-orthogonal
codes over Z, and investigate their properties.

A linear code C, of length n, over Z, is an additive subgroup of Zj. An element of C
is called a codeword of C and a generator matriz of C is a matrix whose rows generate C.
The Hamming weight wy(z) of a vector x in Z} is the number of non-zero components. The
Lee weight wr(z) of a vector © = (z1,x9,...,2,) is Y min{|z;|, |4 — z;|}. The Euclidean
weight wg(x) of a vector z is Y7 min{x?, (4 — z;)?}. The Euclidean weight is useful in
connection with lattice constructions. The Hamming, Lee and Euclidean distances dy(z,y),
dr(z,y) and dg(x,y) between two vectors x and y are wy(z —y), wr(r —y) and wg(xr —y),
respectively. The minimum Hamming, Lee and Euclidean weights, dy,d; and dg, of C
are the smallest Hamming, Lee and Euclidean weights respectively amongst all non-zero
codewords of C.

The Gray map ¢ : 7} — 73" is the coordinate-wise extension of the function from Z,
to Zj3 defined by 0 — (0,0),1 — (0,1),2 — (1,1),3 — (1,0). The image ¢(C), of a linear
code C over Z, of length n by the Gray map, is a binary code of length 2n.

The dual code C* of C is defined as {z € Z} | z-y = 0 for all y € C} where z -y is
the standard inner product of z and y. C is self-orthogonal if C C C* and C is self-dual if
C=CH

If C' is a binary self-dual code, it is said to be Type II, or doubly-even, if all of the
Hamming weights are divisible by four, and is said to be Type I otherwise.

Two codes are said to be equivalent if one can be obtained from the other by permuting
the coordinates and (if necessary) changing the signs of certain coordinates. Codes differing
by only a permutation of coordinates are called permutation-equivalent.

In this paper we give a simple characterization of self-orthogonal codes over Z, and we
show that Zs-simplex codes of type a and 3, namely S}’ and Slf , are self-orthogonal. We also
construct families of self-orthogonal and self-dual codes over Z, via the projective planes of
odd order. Section 2 contains some preliminaries and notations. The relationship between
quaternary codes and projective planes is given in Section 3, while Section 4 considers
projective planes and quantum codes. Finally Section 5 presents some self-orthogonal codes
constructed from twistulant matrices.



2 Preliminaries and Notation

Any linear code C over Z, is permutation-equivalent to a code with generator matrix G of
the form

I, A B,+2B,
1 G=|
(1) ( 0 21 20 ) ’

where A, By, B, and C' are matrices with entries 0 or 1 and I is the identity matrix
of order k. One can associate two binary linear codes with C, the residue code CV) =
{c (mod 2)|c €C} and the torsion code C? = {c € Z} | 2c € C}. If k; = 0 then CV) =
C®. For details and further references see [24, 25]. The following theorem gives the rela-

tionships between these codes when they are self-orthogonal.

Theorem 1 [24]

1. Let C be a linear self-orthogonal code over Z, then its residue code CV) is a self-

orthogonal doubly even binary code and CM) c C? C C(l)L, and if C 1s self-dual then
c® — c*

2. If C4 and Cg are binary codes with C4 C Cpg then there is a code C over Z, with
CV) = Cy and C® = Cg. If in addition Cy4 is self-orthogonal and doubly even and
Cp C Cx then there is a self-orthogonal code C over Z, with CY) = C4 and C® = Cp.
Furthermore if Cg = Cx then C is self-dual.

A vector v is a 2-linear combination of the vectors vi, vy, ..., v if v=X\vi+...+ Vi
with \; € Zy for 1 < i < k. A subset S = {vy,vs,...,vi} of C is called a 2-basis for C if
for each 1 = 1,2,.... k — 1, 2v; is a 2—linear combination of v, 1, ..., vy, 2vy = 0, C is the
2-linear span of S and S is 2-linearly independent [2]. The number of elements in a 2-basis
for C is called the 2-dimension of C. It is easy to verify that the rows of the matrix

I, A B +2B,
(2) B=| 21, 24 2B :
0 2L, 2C

form a 2-basis for the code C generated by G given in (1).

A linear code C over Z4 ( over Zs) of length n, 2-dimension k, minimum distance dy, d,
and dg is called an [n, k,dg,dr,dg] ([n, k,dyg]) or simply an [n, k| code.

Let C be a self-orthogonal code over Z, and let Cy be the subcode with Euclidean weights
divisible by 8. Then the Shadow S of C is defined (see [9, 24]) by

s_[aha icza,
ct if C = (.



If C is a linear code over Z, then ¢(C) will denote the image of C under the Gray map.
C is called Zy-Linear if ¢(C) is a binary linear code. A binary code is said to be Z4-linear if
it is equivalent to ¢(C) for some linear code C over Z4. A necessary and sufficient condition
for Z4-linearity (Zs-linearity) is given by the following Theorem.

Theorem 2 Hammons et al [20/

1. A binary linear code C' of even length is Zy-linear if and only if its coordinates can be
permuted so that
(3) u,velC= (uto(u)x(v+o(v)) e,

where o is the swap map that interchanges the left and the right halves of a vector and
* denotes the componentwise product of two vectors.

2. For each a € Zg4, let a be the reduction of a modulo 2 and let C be a linear code over

Ly, then C is Zo-linear if and only if ¢ = (¢1,...,¢,) and ¢ = (¢}, ...,c,) € C implies

’Tn
2cx ¢ = (264, ...,26,6,") € C.

The following Lemma gives a simple characterization of the self-orthogonality of codes

over Zj.

Lemma 1 A linear code C over Z4 is self-orthogonal if and only if the number of units in
the rows of each generator matriz of C is a multiple of 4 i.e, w1 + w3 =0 (mod 4), and

every pair of rows is orthogonal.

Proof. The proof is simple and so is omitted. O

Remark 1 The above lemma also holds when the generator matriz of the code C is in 2-basis
form. One can also give the characterization in terms of the Euclidean weights.

Quaternary simplex codes of type a and 3 have been recently studied in [2]. The following
theorem follows by induction on k£ and Lemma 1.

Theorem 3 The simplex codes S¢ (k > 2) and S (k > 2) are self-orthogonal.

2.1 Quasi-Twisted Codes

[16, 17]. The class of quasi-twisted (QT) codes was first introduced in [21] as a generalization
of quasi-cyclic (QC) codes [16, 17]. A Z, code is called quasi-twisted if a negacyclic! shift

LA negacyclic shift of an m-tuple (xq,x1,...,Zm_1) is the m-tuple (nTm_1, %0, -, Tm—_2) Where 7 is a
unit in Zy, i.e., n =1 or 3.



of a codeword by p positions results in another codeword. Many QT codes codes can be
constructed from m x m twistulant matrices (with a suitable permutation of coordinates).
In this case, the generator matrix, G, can be represented as

(4) G = [B1, B, ..., By

where the B; are m x m twistulant matrices of the form

bO bl bZ e bm72 bmfl

nbmfl bo by te bi—3  bm—2

(5) B = nbm—2 nbm—l bO bm—4 bm—3
L by nby  nbz -+ by bo

and n = 1 or 3. If n =1, the code is QC. It has been shown that QT self-dual codes exist
only if n = 3 [18]. Thus in this paper we consider only this value of 7.

3 Projective Planes and Quaternary Codes

There have been various constructions of self-dual and self-orthogonal binary codes from
projective planes of even order ¢ [24]. These codes were useful in proving the non-existence
of the projective plane of order 10. Recently codes over finite rings have been constructed
from projective planes [10]. In [14], Glynn constructed binary codes from a projective plane
of odd order. In this section we shall associate a code over Z4 with a certain projective plane
of odd order. We also consider the Z,-linearity of the codes obtained from the projective
planes of even order.

Let 7 be a finite projective plane of order ¢ i.e, a symmetric 2 — (¢* + ¢+ 1,¢+1,1)
design. Thus every pair of points determines a unique line and every line contains g+1 points.
Let P and £ denote the sets of points and lines, respectively, of 7. Then |P| = |£| = ¢*+¢+1
and [PUL| =2(¢>+q+1). If =2 (mod 4) then the incidence matrix of 7 generates a
binary code C, with parameters [qQ +q+1, (q%rqu)’ q+ 1] which can be extended to a Type
IT binary self-dual code éq. For ¢ = 2 this Type II code is the [8,4, 4] extended Hamming
code which is Zs-linear under the Gray map [20]. The corresponding code over Z, is an

[4,4,2,4] Type a constant Lee weight code generated by the matrix

G:llll_
0123



The corresponding set of lines is

0202 0123 1313
0123 1032 3012
1032 2103 0202
2103 3333 0123 .
3333 1313 1032
1313 3012 2103
3012 0202 3333

Motivated by this we define a code over Z, from a projective plane 7 with the help of pairings
of points as follows. We construct a generator matrix of a code C(w, P, Z4) with coordinates
corresponding to pairs of points (P, P') in the plane and lines (/) corresponding to rows.
The point O is paired with the point at infinity so that oo = O’ and the lines contain the
point at infinity. The value on (P, P’) is

0 if Pand P’ ¢1
)1 i PelP¢l
12 ifPel,Pel’

3 if P¢l,P el

At this point the following question arises.
Question 1 For what planes of order q is éq Zy-linear ¢

The answer to this question in general seems difficult. However we give here a partial

answer.

Definition 1 Given a linel € L of w let y(I) :== {P,P' | P € land P' ¢ 1} U{P,P’ | P ¢
land P’ € 1}. Note that {O, 00} Cy(l) < 0 ¢ 1.

We assume that ¢(C/(w, P, Zy,)) is contained in C. Using condition (i) of Theorem 2 for
distinct pairs of generators C'(w, P, Z,) coming from two lines in £, we obtain the following
result.

Lemma 2 For any two distinct lines | and m of w, v(1) U~y(m) is a codeword under the
Gray map of éq, or equivalently, the function with the value of 2 on each pair in this set of

points is a codeword of C(mw, P, Zy).

Let [ xm :=~(I) Uvy(m), let | be a fixed line not passing through O and let X be any point
of I. We consider the sum S(I, X) (in C,, or modulo 2), of [ * m, where m varies over the
q lines of m passing through X, but not [. Then in S(I, X) we have {0,000} repeated ¢ — 1
times, which is odd and therefore it appears again. Further, every pair in y(l) that is not
(0, 00) occurs precisely once in the sum. Since we are assuming that condition (ii) holds we

have shown the following.



Lemma 3 For all lines | not through O, the word corresponding to v(l) is a word in CZ.

Similarly, we consider any line [ through O, and look at the sum T'(l) of [ x m, where m
is varied over all ¢ lines through O, but not [. Then the sum modulo 2 is v(l). Hence we
obtain the above lemma in the case of lines through O. This result can be obtained in a
more direct way using condition (ii) of Theorem 2 when u = v.

Now a codeword of (fq has the property that any line (union oo) intersects the word in
an even number of points. Thus it follows that for any line [ not through O, the lines not
through O intersect v* := (1) \ {0, 0o} in an odd number of points, while the lines through O
intersect it in an even number of points. Similarly, for any line [ on O, the set of points (1)
has the property that any line intersects it in an even number of points. These conditions
are quite strong and lead to severe restrictions on the types of pairings of the points of the
plane that are possible.

Suppose now that [ is a line of m not through O. Then [ can contain at most one pair
(P, P"). This is because if it does contain such a pair, then each of the ¢ — 1 lines through P,
but not [ or PO, intersects v*({) in an odd number of points, i.e. at least one further point.
But there are now at most ¢ — 1 points of 4*() not on [, and so there can be no further pairs
on [, and also each line through P, or P’ contains precisely one of these points of v*(1).

Next, consider a line [ of m containing O, and further, suppose that it contains a point
of a pair of P, but not both points of the pair. If that point is P, we consider the ¢ — 1 lines
through P, but not the line PP’ or [. Since P is in () we see that each of these ¢ — 1 lines
contains a further point of v(I), but since the number of these further points is bounded by
g — 1, we see that there are no pairs of P completely contained in I, and that [\ {O} C ~(I).

From the above remarks we have the following.

Lemma 4 There are two types of pairings P of the plane m that are possible:
1. all pairs lie on lines through O, or

2. all pairs lie on lines through O, except for two special lines a,b through O, for which
the pairs have one point on a, and one point on b.

Denote these pairings as Type T1, or Type T2, respectively. Consider a Type T1 pairing,

then we have the following.

Lemma 5 For each line | not through O, the set y(I) = 1U H(l) U{oc}, where H(l) is a
hyperoval containing O, but disjoint from [.

Proof. [U{co} C (1), but both [U{oc} and ~(I) are words of C,. Thus v(1)\ (IU{c0})
is a word of éq of weight g+ 2, which must be a hyperoval since the minimal words of weight
q + 2 of this code are known to correspond to lines or hyperovals. However, this remaining
word does not contain oo, and so must be a hyperoval.

8



O

Note that for any line [ containing O for a Type T1 pairing, v() is the all-zero (or empty)
codeword. If we dualize the Type T1 pairing to pairs of lines we can use a construction of
Glynn [15] to get a symmetric Hadamard matrix. In this case there are examples with any
translation plane of even order which has a dual hyperoval that contains the translation line.
There are connections also to Kantor’s work, see [4, 23].

Notwithstanding the above connections we can now show that in only the case ¢ = 2 can
we get a Type T1 pairing that produces a Z, code that is also Zs linear. In fact, we can
now bound the size of ¢ for a Type T1 pairing that satisfies this property.

Going back to the condition that for any two lines [ and m of «, [ x m is a word of éq,
we first choose [ to be any line not through O. Then choose m to be any line external to
H(1), but not [. This is possible if ¢ > 2. Then we see that [ x m only contains 4 points:
X :=I1lNnm, X', O, and O' = co. This cannot be a word of éq, unless ¢ = 2.

Similarly, in the case of a Type T2 pairing of points of the plane, we can show that the
Zy code is Zs linear only in the case of ¢ = 2. Here is an outline of the proof which is brief
since it is almost identical to the Type T1 case.

First we show that for all lines [ not through O, () is the sum modulo 2 of the line [,
a hyperoval containing O, and the point co. There are ¢ lines for which the hyperoval is a
chord of its corresponding line, and ¢? — ¢ lines for which the hyperoval is external to its
line. Now choose a hyperoval for which its line is external. If ¢ > 2 there is another line m
external to the hyperoval, and so [ * m has weight 4 in the Zs; code which is less than q + 2,
a contradiction.

It is not known if Type T2 pairings can occur in projective planes of even orders more
than 2. However, we can show that both types of pairings occur in a projective plane of
order 2, and that the corresponding Z,4 code is Zy linear.

Now we construct a code over Z, from 7 when ¢ is odd. Recall that P and £ denote
the sets of points and lines, respectively, of 7 and |P U L| = 2(¢> + ¢ + 1). Let ¢ be a map
from point P to the set of lines not through P and let 0 be the dual mapping.  extends
to the linear coboundary map from a set of points S to lines that intersect S in opposite
parity to |S|. Note that |S| =|dS| (mod 2). There is one-to-one correspondence between
the boolean algebra of all subsets of P U £ and the vector space Fg(q2+q+1)[14}. For any two
subsets F and F' of P U L the symmetric difference EAF corresponds to addition E + F' in
Iﬁ‘g(q2+q+1). The size of any subset F' of P U L corresponds to the weight of a vector F'. With
this correspondence in hand we can define the associated binary codes C4 and Cg. Let Cx
be the set of all even sets of points of P together with the sets of lines that intersect these
points an odd number of times. It was shown in [14] that C4 is a binary linear doubly even
self-orthogonal code with parameters [2(¢> + ¢ + 1), ¢* + ¢,2q + 2]. Also C5 is a code with
parameters [2(¢> + ¢+ 1),¢* + ¢ + 2, ¢ + 2]. Another binary code Cp was defined as a union



of C4 with one of its cosets CAU(Ca+P+L). It was shown that Cp is a binary linear self-dual
code with parameters [2(¢* + ¢+ 1),¢> + ¢+ 1,2q]. A main property of these codes is the
following.

Proposition 1 [1/]C4 C Cp C C3x.
In view of this and Condition 2 of Theorem 1 we get the following.

Theorem 4 Let m be a projective plane of odd order q. Then there exists a self-orthogonal
linear code Cr(q) over Zs with reduction code Cy4, torsion code Cg, length 2(¢*> + q + 1),
2-dimension 2¢*> + 2q + 1, and minimum Hamming weight 2q.

The remainder of this section considers properties of the code C,(g). A generator matrix
of the code Cp is G(Cp) = [I 21441 | D], where D is the complement of the incidence matrix
of the projective plane with " row d; for 1 < i < ¢* + ¢+ 1, and I,2,,,; is the identity
matrix of order ¢> + ¢+ 1. Then by Theorem 4, the generator matrix of the code C,(q) over
Zy is

1 0 o 01 di +dgesgn
g+1 1 ... 01| do+dpeien
(6) : P :
qg+1 g+1 ... 1|1|dpei,+deiem
0 0 ... 0]2 2d 24 g41

This code is self-orthogonal by construction.

Example 1 Forq=1, Cp is a [6,3,2] code with generator matriz Gp = [I3|D] where D is
generated by the cyclic shifts of the vector (100). The weight distribution is A(0) = 1, A(2) =
3,A(4) = 3, and A(6) = 1. The code C4 is a [6,2,4] optimal code with weight distribution
A(0) =1, and A(4) = 3. The code C.(1) is a [6,5,2,4] Type a code with generator matriz

10110
21101
00200

N — =

The Hamming, Lee and Euclidean Weight distributions of this code are

i| ApG) | i [ ALY || i | ALG)
0 1 0 1 0 1
2 3 4 11 4 8
4 11 6 8 8 12
5! 8 8 11 16 3
6 9 12 1 24 1

10



Example 2 For ¢ = 3, Cp is a [26,13,6] code with generator matriz Gg = [I13|D] where
D is generated by the cyclic shifts of the vector (0010111110111). The weight distribution is
A(0) = 1, A(6) = 52, A(8) = 390, A(10) = 1313, A(12) = 2340, A(14) = 2340,

A(16) = 1313, A(18) = 390, A(20) = 52, and A(26) = 1. The code C4 is a [26,12,8] optimal
code with weight distribution A(0) = 1, A(8) = 390, A(12) = 2340, A(16) = 1313, and
A(20) = 52.

C.(3) is a [26,25,6,8] code with generator matriz

1000000O0O0OO0OO0OO0Oj]OT 1T 1000011001
06010000O0O0OO0O0O0O0O0O0CO0(1f2 T 00100O01O01O0T1
6oo0o1o000000O0O0OGO0}1j2 001 010O01O0O0T171
6ooo0o1o00000O0O0OCO0(1f2 011 1O01O01O00O0O00¢O0
ooo0oo010000O0OO0OCO0(2(fO01TO011011O00O0°O0T1
ooo0oo001000O0O0O0O(1(2 172001 1O0000O0°O0°T1
0ooo0o000100O0O0CO01|f2 0OO0O0OO0O01111O0O0T1
6oooo0o000100O0O0j1j2 011000100101
oooo0o000010O0CO0O(1f1 010100O0O01O0T171
6oooo00000O0O10©O0}(1f201001001T1T1F00¢0
0ooo0oo0000O0O0OO0O1CO0(1jO0O01T 00010101171
oooo0000O0O0OO0OO0OTI1T|1(2 110000110010
0coo00000000O0O0O0}2(02022222202220 ]|

The Hamming and Lee weight distributions are given by

11



i | AgG) || i | AL
0 1 0 1

6 52 8 312
8§ | 702 12| 3172

10| 4433 14 | 29952
12| 75660 16 | 94718
13| 29952 18 | 868608
14 | 459420 20 | 1403753
15 | 868608 22 | 4722432
16 | 1085929 24 | 5477628
17 1 4642560 26 | 8353280
18 12009358 28 | 5477628
19 | 8087040 30 | 4722432
20 | 4868812 32 | 1403753
21| 4722432 34 | 868608
22 | 4485000 36 | 94718
231134848 38 | 29952
24 | 948480 40 | 3172
25| 109824 44 312
26 | 21321 52 1

We can modify the above construction to get an equivalent code over Z, via a projective
plane of odd order in a more natural way. Instead of (6), we take the generator matrix as

1 0 ... 0]3] di+3dp g
g+1 1 ... 0[3] do+3dpeig
(7) : ST :
g+1 q+1 ... 1|3|dpyg+3deig
0 0 ... 0|2 2d2 1 g1

Thus we have the following.

Proposition 2 The code generated by (7) is a self-orthogonal code over Z, for any odd q.
Further it can be made into a self-dual code, which we denote by C.., of length n = 2(¢*+q+1)
by deleting the last row and adding the two rows 22...2/2|0...0 and 00...0[0|2...2.

Proof. A combination of the first ¢*> + ¢ rows in (7) is dependent to the last three rows
and since the last two rows are independent to the top rows, we delete the last row to yield
a self-dual code over Z, of length n = 2(¢* + q + 1).

12



Remark 2 For ¢ =1, C. is the unique self-dual code of length 6 over Z, [24].

If g =3 (mod 4) then the above code can be defined more naturally in geometrical
language from a projective plane 7 of odd order ¢ as follows. Let P be a general point of
7 and dP denote its boundary. Then C,(q) is set of all codewords Y pe, ap(P + dP) such
that > pc,ap =0 (mod 4). This can be made into a self-dual code by adding Y pc, 2P
and > ;e 2L.

The next result determines the Shadow of the self-dual code of Proposition 2.

Proposition 3 Let the Shadow of the self-dual code C.. be Sq. If c € C. then either c € Sy
or c is not in Sy.

Proof. A typical codeword in C, will have Euclidean weight E = b + 4c + d if it
has a components 0, b components 1, ¢ components 2 and d components 3. Also due to the
presence of the all 2 vector we also have Euclidean weight £/ = 4a+b+d. But a+b+c+d =1
(mod 4) and b+2¢c+3d =0 (mod 4), by definition, hence a—cis odd. As E'—F = 4(a—c),
we have the result.

O

The construction of the code C,(q) can be generalized in the following way.

Lemma 6 Let G = [A|B] be the generator matriz of a self-orthogonal code over Z, where
the partition of G is compatible with a matriz X such that XXt = I. Then the code generated
by G' = [A|BX] will also be self-orthogonal code over Zy.

Proof. It is straightforward to check that the matrix G’ satisfies the required property.
([

Remark 3 In Lemma 6, if we substitute G = (10---01)(10---03), where the parathensis
denotes that all the cyclic shifts are taken, and X = D is the complement of the incident
matriz of the projective plane, then we obtain C(q). Note that

DDt — 2J—1 ifg=3 (mod4)
B I ifg=1 (mod4)

Similar results have been investigated recently in [11]. The next result shows that the code

C:(q) is not Zsy-linear i.e, its image under the Gray map is a non-linear binary code.

13



Theorem 5 The Gray image of C(q) is a (4(q2 +q+1),220° 201 9q 4 2) binary non-
linear code.

Proof. The result follows from Theorem 2. Let u and v be the first two rows of (6). If
“denotes reduction modulo 2 and x denotes component-wise multiplication, then 2t x v is a
vector of weight ¢ + 1. Since there is no vector of weight ¢ + 1 in Cp this vector does not
belong to Cr(q).

O

4 Projective Planes and Quantum Codes

Any binary self-orthogonal code give rise to a binary quantum code via the CRSS con-
struction [5]. The binary self-orthogonal codes from projective planes of odd order given in
Section 3 will also provide a class of quantum codes. In this section, we list the parameters
of such quantum codes. The necessary theorem is the following [5].

Theorem 6 Let C be an [n, k,d] binary self-orthogonal code with dual Ct having parameters
n,n —k,d*]. Let {Wj 0<5< 2”_%} be a system of coset representatives of C\C. Then
the 2"=2% mutually orthogonal states

1

i) = ¢+ wj),

span a binary quantum code with parameters [[n,n — 2k]| of length n and dimension 272k

and minimum weight d', where
d" = min {wt(c) lceCt\ C} > d*.

Applying the above theorem to code C4 will yield a [[2(¢* + ¢ + 1), 2]] quantum code.
This code encodes 2-qubits into 2(¢* + ¢ + 1) qubits.

If we apply the above theorem to the code Cg we obtain a quantum code with parameters
[[2(¢* + ¢+ 1),0,2q]]. If we compare it with the existing Tables [5], one finds that for ¢ = 3
we get an optimal quantum code.

Ifg=1 (mod 4), the binary self-dual code Cp can be extended to a unique doubly-even
self-dual code Cp with parameters [2(¢*> + ¢ + 2),¢* + q + 2, ¢ + 3] [14]. Applying the above
theorem to Cp yields a binary quantum code with parameters [[2(¢* + ¢ + 2),0, ¢ + 3]].

If g=3 (mod 4), the binary self-dual code Cp can be extended to a doubly-even self-
dual code Cp with parameters [2(¢> + g + 4), ¢*> + ¢ + 4, 4] [14]. Applying the above theorem
to Cg yields a binary quantum code with parameters [[2(¢* + ¢ +4), 0, 4]].
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5 Self-Orthogonal Quasi-Twisted Codes

In this section, we present the results of a search for best self-orthogonal quasi-twisted codes.
Because the Gray map connects the Lee weights of a Z, code with the Hamming weights of
a Zsy code, we cosider here only best Lee weight codes. This search employed a stochastic
optimization algorithm, tabu search [12, 13, 19]. This method has been shown to produce op-
timal or near-optimal solutions to difficult optimization problems with a reasonable amount
of computational effort. For an extensive survey of optimization methods in coding theory,
with an emphasis on stochastic procedures, see [22].

Tabu search is based on local search, which means that starting from an arbitrary initial
solution, a series of solutions is obtained so that every new solution only differs slightly from
the previous one. A potential new solution is called a neighbor of the old solution, and
all neighbors of a given solution constitute the neighborhood of that solution. To evaluate
the quality of solutions, a cost function is needed. Tabu search always proceeds to a best
possible solution in the neighborhood of the current solution.

To ensure that the search does not loop on a subset of solutions, recent solutions are
stored in a so-called tabu list, and these are then not allowed for a certain period of time.

The search criterion used here was the minimum weight, and the cost function was
chosen so as to maximize this weight, with the added condition that the resulting code
be self-orthogonal. It was found that it is best to first find a code with a specified even
minimum distance, then check for orthogonality.

Table 1 presents the minimum weights of the best codes obtained. Note that it was
shown in [18] that self-dual QT codes exist only for lengths a multiple of 8 (m a multiple of
4). The first rows of the twistulant matrices of the QT codes listed in Table 1 are compiled in
Tables 2 - 5. Since this is the first compiled table of Z, codes (self-orthogonal or otherwise),
it is not possible to compare these codes with previous results. However, using the Gray
map, it is possible to compare these codes with the best binary linear codes [3] with even
minimum distance. Of the 111 entries in Table 1, 54 or almost half attain the best known
distance for the corresponding binary code. Hence the class of self-orthogonal QT codes
contains many good codes.

Acknowledgement. The authors would like to thank William M. Kantor for useful com-

munication [23].
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Table 1: Maximum Minimum Lee Distances for Best Self-Orthogonal (pm,m) QC Codes
over Zy

5 6 7 8 9 10 11 12 13 14 15 16 17 18
§ 8 12 14 16 16 20 22 24 26 28 32 32 34 36
- — 8 14 16 18 22 24 28 30 34 38 40 44 48 50 52
12 16 22 24 28 32 36 40 44 48 54 56 60 64 70
— — 16 20 24 30 34 40 44 48 54 58 64 68 74 T8 &4
— 12 16 22 28 34 40 44 50 56 60 66 72 8 8 90 96
— — 18 24 32 38 44 48 56 62 68 76 82 88 94 102 110
8§ 14 22 26 34 40 46 54 62 68 78 8 92 100 104 114 122

=~ W

0 1 DUk W NS
e~
oo

18



TCT ‘TET ‘Gel ‘CTT ‘TT ‘€T ‘CI ‘€1T ‘Gl ‘€aT ‘1¢ ‘1¢ ‘€11 ‘€2l ‘I1T ‘GIT ‘1 ‘21T | a5 | € | (€99)
€T ‘TT ‘TT ‘€TT ‘TTT ‘Gl ‘T ‘€T ‘GeT ‘Gl ‘€TT ‘CIT ‘T¢ ‘GT ‘T ‘eI ‘11 | 0¢ | ¢ | (g719)
T ‘€IT ‘TC ‘T ‘Tel ‘Tg ‘T1 ‘TTT ‘€T ‘T ‘IT ‘T ‘21 ‘CTT ‘€el ‘C11 | sv | € | (g'sp)
€IT ‘€T ‘C ‘€Tl ‘€11 ‘TIT ‘T1 ‘el ‘T1 ‘11 ‘T ‘T ‘T ‘el ‘gel | ¥% | € | (gsp)
€T ‘CTT ‘IT ‘TTT ‘G ‘G171 ‘1¢ ‘TC ‘GT ‘T ‘21 ‘€T ‘16 ‘T | oF | ¢ | (¢CP)

Tel ‘C ‘Tel ‘TTT ‘€IT ‘Tl ‘€T ‘€l ‘Tg ‘T1 ‘T ‘ea1 ‘T | s¢ | € | (g'6¢)

Tl ‘TT ‘€T ‘Tl ‘€1 ‘el ‘2T ‘T ‘€11 ‘eel ‘IIT ‘T | #¢ | € | (g9¢)

TIT “€TT ‘€TT ‘TIT ‘TT ‘GaT ‘TT ‘T ‘6T ‘eI ‘a1 | og | ¢ | (gce)

o1 ‘ZeT ‘TT ‘2T ‘zel ‘€TIT ‘IT ‘€11 ‘T ‘T | 8¢ | ¢ | (g0¢8)

€T ‘TIT ‘€T ‘CTT ‘€T ‘T ‘T ‘TTI1 21 | ¥ | € | (£'2%)

STT ‘GTT ‘TT ‘CTT ‘€T ‘€11 ‘T‘T | ¢z | € | (€%2)

TTT ‘2T ‘el ‘€T ‘€el ‘21T ‘1 | 81 | € | (€72)

Tel ‘TTT ‘€17 ‘€el ‘eel ‘gel | 91 | ¢ | (g81)

eIT ‘2l ‘TT ‘el ‘1 | #1 | € | (g'g1)

griceer ‘1 | 8 | € | (gen)

TCCTTTCTCT 2 ITIT 2T 2 T T‘T‘T‘T‘1 ‘21 ‘21 | 9¢ | ¢ | (2°9¢)
CTZCeT QL TT 2l ‘S IT 2T “IT‘eT21 ‘T T‘'T'1‘T | ¥¢ | & | (&'%¢€)

T eT‘CCc el ‘G ST IT T ‘T‘T‘T‘T‘T“11 | ¢ | ¢ | (5'ze)
IT‘eeer‘cer‘erer‘1‘rr'rer‘er‘er | og | ¢ | (g'og)

1T ‘G ‘eT ‘2T ‘@1 ‘2T ‘C¢ ‘T ‘€T ‘ST ‘2T ‘1 ‘T‘11 | 8¢ | ¢ | (2'se)

ST ZCTITCT 2T ST IT‘T‘T‘T‘T ‘1 | 92 | ¢ | (2°92)

€1 z‘c e e eI T 1T‘T‘T 21 ‘11 | ¥ | ¢ | (G'%2)

TT‘TCCTe1eT a1 ‘eT‘11 ‘1 | ¢c | ¢ | (G'2q)

TTIT 21 ‘€T ‘21 ‘221 ‘T‘T‘T | 02 | ¢ | (B°02)

21 ‘2c‘cer'ee ‘T 'T‘T 11 | 91 | ¢ | (&'s1)

grercer‘rr'er‘r | ot | ¢ | (gon)

IT‘zer‘r‘rerer | ¥1 | ¢ | (2%1)

IT‘rererer‘r | g1 | ¢ | (g'zn)

gizer‘cer | 8 | ¢ | (o)

er‘ercr| 8 | ¢ | (&9

eT‘1r| v | ¢ | (¢9)

(@)'q p | w | epo

€7 = w sopo)) IO [RUOSOYII)-J[OS ATeurajent) 1o o} JO SMOY ISI 7 9[qR],

19



TITTT ‘G138 ‘TET ‘18g ‘C1 ‘TOT ‘171G ‘TGIT ‘€1GeT ‘C€CITT ‘GI1C ‘T ‘€ET ‘16aT ‘TEIT ‘16ee ‘€TeTT ‘116l | #8 | & | (S'06)
123% ‘€18T ‘TZET ‘CICIT ‘TETTT ‘CITTT ‘CET ‘TOET ‘Taal ‘TT ‘TEET ‘Te0T ‘Tl ‘TE0T ‘€TTIT ‘T0T ‘€IT | 84 | ¢ | (g'¢s)
€16TT ‘CTETT ‘CEeT ‘T1GT ‘TETIT ‘€TET ‘CE0T ‘TEITT ‘Geaal ‘CITIT ‘€eael ‘Tell ‘TETT ‘Gelal ‘@0l ‘gelll | ¥#L | ¢ | (5‘08)
€1CST ‘TeTeT ‘TETIT ‘TT ‘GeeTT ‘€21 ‘€€0T ‘TI0T ‘€TeIT ‘T0Z ‘€T1a ‘GETT ‘1T ‘el ‘1€Ta | 89 | ¢ | (g‘qL)
€TICT ‘€TETT ‘TT ‘CTT ‘TTTT ‘TC ‘CTT ‘TTeel ‘€3eel ‘TI1e ‘TeT1g ‘T1T ‘T€0T ‘2eIT | #9 | ¢ | (g‘0L)

TEET ‘CTTT ‘T0TT ‘€3Tll ‘€eael ‘€Tl ‘TIET ‘GTelT ‘CaTa ‘Tell ‘T1¢ ‘€gel ‘11ee | 8 | ¢ | (4°29)

€CIT ‘TTT ‘TET ‘18T ‘T1gT ‘T1ST ‘Te0% ‘TOT ‘18gg ‘GT ‘TT ‘CIETT | S | ¢ | (5°09)

TOTT ‘TEOT ‘TTET ‘TTT ‘€€0T ‘TET ‘TETT ‘TOTT ‘TT0T ‘CTTIT ‘€TTIT | v | § | (§'c9)

€CTTT ‘TT1T ‘€0T ‘€TC ‘T ‘1€0T ‘EIT ‘Te0T ‘geell ‘eel | #v | ¢ | (5'09)

TTITC ‘TISTT ‘SETT ‘GE0T ‘TEOT ‘TEET ‘€ET ‘€ggeT ‘TIETT | OF | & | (g'sh)

€TITT ‘€€T ‘€Tl ‘2Tl ‘€TeT ‘TITIT ‘€geT ‘elge | v | ¢ | (g'op)

1€ET ‘€€TTT ‘€TlT ‘TET ‘12€T ‘1eee ‘TeoT | 0g | ¢ | (g'ee)

TCTIT ‘TITT ‘Tl ‘TET ‘€T ‘€111 | ¥ | S | (§'0¢)

TIZIT ‘T0TT ‘T1T ‘¢eT ‘11 | 0z | § | (§'cq)

1TOT ‘TeITT ‘€eTe ‘TeIT | 91 | ¢ | (g‘02)

TIT ‘IET ‘11T ‘€T1T ‘TCIT ‘€eel ‘Tl ‘TIC ‘€1C ‘TITT ‘Gel ‘€€l ‘1ee ‘€1el ‘11 ‘geel ‘1 ‘eIt | 0L | ¥ | (¥'cL)
€TTT ‘TET ‘CTT ‘TETT ‘1C1 ‘TTel ‘3TT ‘€Tl ‘€T ‘0T ‘T ‘€8T ‘¢ ‘TTT ‘T ‘TIT ‘€111 | #9 | ¥ | (¥'89)

TETT ‘€C1T ‘€1C ‘CT ‘T ‘20T ‘€8T ‘CTIT ‘Zgel ‘€€l ‘T¢ ‘TTT ‘2el ‘T ‘2l ‘€111 | 09 | ¥ | (#'%9)

€2TT ‘CTT ‘T1C ‘eI ‘€1¢ ‘TET ‘€11 ‘1¢ ‘2eel ‘Tz ‘T ‘€1eT ‘T€T ‘201 ‘eeT | 9 | ¥ | (¥#°09)

112 ‘TeeT ‘T ‘TT ‘€1CT ‘el ‘CETT ‘CITT ‘18T ‘TET ‘20T ‘T ‘€€T ‘ST | ¥S | ¥ | (¥°99)

TT ‘TITT ‘GTel ‘€T ‘TETT ‘18z ‘TT ‘Glel ‘TEl ‘€1 ‘geel ‘el ‘elg | 8v | v | (¥'29)

T ‘€TT ‘TET ‘TET ‘T1C ‘GeeT ‘CIT ‘TET ‘el ‘€Tl ‘18T ‘11¢ | ¥v | ¥ | (¥'sh)

12 ‘Tl ‘TTTT ‘€TT ‘18T ‘TIT ‘TOT ‘T ‘TT ‘21 ‘¢e1 | Ov | ¥ | (¥'%%)

12 ‘€11 ‘2€1 ‘T1T ‘Tel ‘11 ‘@eel ‘T ‘€111 ‘gel | 9¢ | ¥ | (¥'ov)

TGTT ‘0T ‘GTT ‘Tel ‘T1C ‘€ET ‘TIT ‘TT ‘2¢T | ¢ | ¥ | (#°9¢)

€TIT ‘€TTT ‘20T ‘€ET ‘TT ‘18T ‘€11 ‘egel | s¢ | ¥ | (¥'2g)

€2TT ‘2Tl ‘T1 ‘2T ‘1 ‘T1T ‘20T | ¥ | ¥ | (¥'Sq)

TGIT ‘Teal ‘TIT ‘gel ‘1¢1 ‘6e1l | ¢e | ¥ | (#'%%)

o1 ‘TT ‘el ‘ger ‘eet | 91 | ¥ | (#°02)

IT ‘20T ‘€11 ‘21T | 21 | ¥ | (3'91)

€rer ‘eet ‘ceIl | 8 | ¥ | (¥'en)

11| ¥ | ¥ | 9

()*q p | w | 9pod

G ‘P = w sopo)) 1,0 [RU0SOYII)-JPS AreuIojent) 1sog oY) JO SMOY JSIL] ¢ d[(R],

20



11303 ‘10331

€€T0T ‘T0ZTT ‘TETIOTT ‘TETT ‘TETTT ‘TI0T0T ‘CETETT ‘€TET ‘TT0ET ‘CTOTIT ‘TETTT ‘TEEETTT ‘GeeT ‘TOTTOT ‘€10 ‘S€€TTIT ‘GTTIT ‘3gee0T | 01T | L | (L‘9gT)
11616 ‘Tee

€ETETT ‘TET ‘TISTITT ‘TGETOT ‘CTETET ‘TETCETT ‘TITET ‘CGIETET ‘116l ‘GTTITT ‘TE10TT ‘TIT0T ‘TETTTT ‘GETET ‘STl ‘€GTTT ‘€EET0T | 0T | 4 | (L'6T1T)

1 ‘€ETTET ‘T ‘TICITIT ‘¢5ec0tT ‘CEITETT ‘T T€E0T ‘€80T ‘€0ETT ‘18eeT ‘TIGTTT ‘€€TeTT ‘Ce08eT ‘6g10T ‘€ITT ‘€11 | ¥6 L | (Lerr)

1€T€0T ‘1€0CT ‘€GTTeT ‘TeT0TT ‘TEITITT ‘GTTE0T ‘€0T1E ‘T0ZT0T ‘€ITTET ‘CETeal ‘TIETETl ‘CT0eT ‘T€TIeT ‘18111 ‘eeeel | 88 | L | (L‘som)

T1GGTTIT ‘€ETTCT ‘TOET ‘CEOTTT ‘CTETETT ‘GETT ‘CIGTET ‘CICITIT ‘TGCTIETT ‘TECETTIT ‘TETOTT ‘€1€22T ‘CIETCT ‘CEICT | ¢8 L (2°86)

11120C ‘TETETTT ‘CETTIET ‘TITETT ‘€0TCT ‘1€GG1G ‘CTIET ‘2e02T ‘11GE1T ‘T08eel ‘€1 ‘€ETe1s ‘€200T | 9. L (216)

TT0T ‘€81¢0T ‘TETETT ‘TCETIETT ‘CT0TT ‘T8G0ET ‘T¢CIETT ‘CTIETETT ‘18020T ‘€T1eoal ‘1T ‘1¢0T0T | 89 | L (L98)

20cT0T ‘TETTT ‘CETEET ‘€0ET ‘€ECTI0T ‘€TST ‘2012T ‘€60TT ‘1¢g0g ‘€€10T ‘T€0TS | 9 L (2622)

TCT0T ‘TTCEET ‘TETT1ET ‘TI0TC ‘GTETT ‘T10T ‘TETETTT ‘GeIEIT ‘T ‘CI11e | 99 L (202)

T11€ST ‘TTCETIT ‘€11¢1¢ ‘€TeelT ‘Tea1ee ‘€e11ee ‘1668l ‘¢1ge0T ‘¢0T | 8% | 2 (2°€9)

€310 ‘TETT ‘GIGETTT ‘TOET ‘€1201C ‘CIOETT ‘¢eIglel ‘116 | ¥¥ L (2°99)

TIC1C ‘€C1E1C ‘To1eelIT ‘1€218eT ‘CIET0T ‘CE0ETT ‘CEIIET | 8¢ L (L6%)

CIT0T ‘2e0Tg ‘CTTITT ‘€1€ETT ‘20T ‘€1eT | o€ | 2 (Lep)

€€0T¢ ‘TTIECTTIT ‘T ‘TT10% ‘221l | ¥& L (L'qe)

TTEE0T ‘TTTET ‘2ETIECIT ‘CT | ST L (2'82)

122ET ‘COET ‘TTEST ‘CTETTT ‘TEETIT ‘T00T ‘€11GT ‘GEET ‘TIG0T ‘TETTT ‘GI ‘TGE1E ‘€TETT ‘T ‘€ET ‘181g ‘TITITI ‘1eeel | 96 | 9 | (9'801)

€CT ‘CTTC ‘TTTIT ‘€ETT ‘€OTOT ‘GTOET ‘€OET ‘€T0T ‘1180T ‘CEETT ‘TTTIT ‘€TIea] ‘€0aal ‘TTE0T ‘T ‘€1€Te ‘€18 | 06 | 9 | (9'zo1)

TETTT ‘€TECT ‘12C1C ‘GoT ‘CETETT ‘C1eT ‘€181l ‘CIEIC ‘GIEeT ‘T1E1C ‘2ET1CTIT ‘€1¢0T ‘€101 ‘110% ‘T101¢ ‘3l | 98 9 (9°96)

12121 ‘601G ‘€11 ‘TETT ‘€ETCTT ‘6101 ‘111¢¢ ‘€€TeIT ‘Geeeel ‘€10l ‘¢IT ‘€1 ‘16 | ¢4 | 9 (998)

TEIET ‘CeeIeT ‘ColT ‘TIC1IC ‘S1¢ ‘TE0TT ‘€TeTIT ‘CeeTT ‘TOTT ‘10 ‘T ‘€¢eeIl ‘€TT11E | 99 | 9 (9°82)

TTOET ‘Ce1ee ‘C1ETIT ‘€T ‘28eeel ‘Coeal ‘1101 ‘2eeaIT ‘Gl ‘€geT ‘T1T1T ‘GggITl | 09 9 (9‘zL)

€102 ‘T1¢eT ‘€TOTT ‘TIIET ‘11¢ee ‘T€0T ‘€E11¢ ‘1¢T0T ‘€5eT ‘g0l ‘€120 | 98 | 9 (9°99)

T0ST ‘2T0T ‘TOTET ‘€ILTST ‘€181 ‘TEI0T ‘I11¢ ‘TT0ET ‘T ‘€118 | 0% 9 (9°09)

CIETT ‘TE0T ‘€€0TT ‘BTl ‘11202 ‘166g ‘10T ‘TOET ‘CIeIT | ¥ 9 (9%%)

€0€T ‘T¢EET ‘TE0T ‘C1a1e ‘€111 ‘TT0T ‘€11aT ‘¢1g0 | OF | 9 (9'sp)

COEET ‘CTT0T ‘€TET ‘CCOET ‘€EEal ‘€EEET ‘IETIT | ¥¢€ 9 (9‘eh)

TIEET ‘T ‘T2E0T ‘GIT ‘€TeTIeT ‘€021 | 8¢ 9 (9‘9¢)

TTIeIT ‘c0T ‘T ‘€€€T ‘50T | @& | 9 (9‘0¢)

¢1 ‘€12ee ‘€1€1¢ ‘1¢ | 91 9 (9%2)

1CETT ‘T1T ‘Te | ol 9 (9°s1)

()*q p w 9pod

19 = w $opo)) IO [Ru0Soy1I)J[PS Areuwrajeny) 1sog oyl JO SMOY IS :§ S[qe],

21



TETT1Z0T ‘TCEETT ‘TT0TIETIE ‘TIETTETT

1220€TT ‘TTITETTT ‘C€T0TTTT ‘TTETTTTT ‘TETTTET ‘€TOL0T ‘TTETOTT ‘€0TTT ‘GT0L0T ‘TTTEaeeT ‘€ET0TT ‘€T ‘TeeT0T ‘1€T81ee | ¢al | 8 | (8FF1)
1€CTET ‘TE0T1ECT ‘C0TETTT

TTE0ET ‘COTTIZ ‘TTOLTTT ‘€TETE0T ‘CTETTIST ‘TEOTET ‘TITC ‘TEIEE0T ‘CTTE0ST ‘T1EEETE ‘TGTTOTT ‘TTISTTTT ‘€ITGT0T ‘GOTEITT | 1T | 8 | (89¢T)
TTEEEET ‘TE0TTTT

TEETEET ‘1TTTETT ‘TETOEET ‘TITETT ‘TIETE0T ‘TETETTT ‘TTEEEET ‘TCETTETT ‘T0ETET ‘TECTI0T ‘TTETTT ‘T00Z0T ‘€TET ‘egel | o1 | 8 | (8°SaT)

€CTI0TC ‘TOSTOTT ‘€EETST ‘COSTOT ‘TT ‘TTCIGET ‘TEEETT ‘GITICET ‘TTIG ‘€TESTTT ‘TOTGTT ‘GIETCEIT ‘€10TGTT ‘TETGEITT ‘€2g0T | 00T | 8 | (8‘0c1)

TICET ‘CECTTTT ‘TTETET ‘€1220T ‘CCIT10T ‘TCTE0TT ‘1880 ‘COETTT ‘CEET1Eae ‘TTEEETT ‘C1CIT11E ‘GT10TTIT ‘21 ‘1810801 | @6 8 | (8211)

1€€120C ‘TTTI0T ‘TTETTT ‘TE€T00T ‘GEOTET ‘GTEETOT ‘TOGTET ‘T1EETT ‘TI1T0ET ‘T1T ‘@0020T ‘C0TzI1gT ‘TTI1eT | 98 | 8 | (8%01)

TEGCIET ‘CETCE0TT ‘TIGT0G ‘€ETETOT ‘€EECTI0T ‘TTITE0T ‘€€TCT ‘€TT0T ‘COE0ET ‘TEETIO0T ‘€5T0TTT ‘€TLLET | 8L 8 (8°96)

¢12ee1el ‘C0TT1ET ‘CITE0TT ‘2202eT ‘€ET0TT ‘T€CETIT ‘CEETETT ‘T€08ET ‘€Z0TTIET ‘€T0TT ‘10T | 89 8 (8‘s8)

1€€2ECT ‘CETCI0T ‘1¢CT1CeTT ‘€cEEeTT ‘CICTITTT ‘T1E16E ‘G61€E0T ‘CIE1g ‘T ‘101 | €9 | 8 (8‘08)

€CETETT ‘CICET ‘TTOTTET ‘2EC0STT ‘GEETTTT ‘CCIETTIT ‘TGT0TT ‘€3TT10T ‘GIT | ¥S 8 (s‘cL)

€TEETTT ‘CCI0TTT ‘COTTTIET ‘€1C ‘GE1T0T ‘TEOTTIT ‘€201oaT ‘€8T | 9% 8 (8%9)

121180¢ ‘50eec] ‘T10TT ‘220g01T ‘T0808T ‘GETOTT ‘180T | OF | 8 (8°99)

€IT0TC ‘CITECET ‘T1€TT0T ‘€TET0CT ‘CEEET ‘Tee | V& 8 (8‘sv)

CIETCETT ‘1GCETIET ‘C1e11ee ‘T ‘¢l | 9% 8 (s‘ov)

€1200T ‘T¢0€0T ‘TE€T0TIET ‘T1GTeIT | &g | 8 (s‘ze)

€ITETC ‘TE0TT ‘€0TCT | VI 8 (8v2)

€CTETET ‘TTT | 8 8 | (891)

()"q p | w opod

{ = w $opo)) IO [euo30I)-J[oS ATeurojent) 1sog o) Jo SMOY ISII] G d[qR],

22



Footnote

[1] This work was supported by the Marsden fund of the Royal Society of New Zealand.

23



